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Point-wise Symmetry of Birkhoff-James Orthogonality 

and Geometry of 𝔹ሺ𝓵∞
𝒏 , 𝓵𝟏

𝒎ሻ 
 

By Babhrubahan Bose 
 

We study the relationship between the pointwise symmetry of Birkhoff-James 

orthogonality and the geometry of the space of operators 𝔹ሺℓ∞
𝑛 , ℓ1

𝑚ሻ. We 

show that any non-zero left-symmetric point in this space is a smooth point. 

We also show that for 𝑛 ≥ 4, any unit norm right-symmetric point of this 

space is an extreme point of the closed unit ball. This marks the first step 

towards characterizing the extreme points of these unit balls and finding the 

Grothendieck constants 𝐺ℝሺ𝑚, 𝑛ሻ using Birkhoff-James orthogonality techniques. 

 

Keywords: Birkhoff-James orthogonality, extreme points, smooth points, 

left-symmetric points, right-symmetric points, Grothendieck constants 

 

2020 AMS Subject Classification: Primary 46B20, Secondary 46B28, 

46A32  

 

 

Introduction 

 

In recent times, Birkhoff-James orthogonality and its pointwise symmetry 

has been used to understand the geometry of a normed linear space. Characterization 

of Birkhoff-James orthogonality and its local symmetry has been done for finite-

dimensional ℓ𝑝 spaces in [6], while that for the sequence spaces ℓ𝑝 and the 

function spaces 𝐿𝑝 have been done in [4] and [5]. In these articles, these 

characterizations have been used to understand the geometry of the underlying 

spaces by describing the smooth points and the onto isometries of the spaces. In 

this article, we use this idea to establish a relationship between the point-wise 

symmetry of Birkhoff-James orthogonality and the geometry of the space of 

operators from ℓ∞
𝑛  into ℓ1

𝑚 over ℝ denoted by 𝔹ሺℓ∞
𝑛 , ℓ1

𝑚ሻ. We show that any 

non-zero left-symmetric point of this space is a smooth point and any unit norm 

right-symmetric point of this space is an extreme point of the closed unit ball. 

Recall that these extreme points play a crucial role in understanding the 

Grothendieck constant for a given pair of natural numbers ሺ𝑚, 𝑛ሻ given by 

 

𝐺ℝሺ𝑚, 𝑛ሻ: = sup
‖𝑇‖𝑜𝑝=1

|∑ ∑ 𝑎𝑖𝑗〈𝑥𝑖 , 𝑦𝑗〉𝑛
𝑗=1

𝑚
𝑖=1 |,(1) 

 

where ‖𝑥𝑖‖
ℓ2

𝑑 = ‖𝑦𝑗‖
ℓ2

𝑑 = 1, 𝑇 = [𝑎𝑖𝑗]
𝑚×𝑛

∈ 𝔹ሺℓ∞
𝑛 , ℓ1

𝑚ሻ over ℝ. The 

Grothendieck constant 𝐺ℝ for ℝ can then be obtained as the supremum of all 

𝐺ℝሺ𝑚, 𝑛ሻ, where 𝑚 and 𝑛 vary over the natural numbers. 

 

 
Research Assistant, Indian Institute of Science, Bengaluru, India. 
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The Grothendieck constant emerged from a celebrated result by Grothendieck 

[7], which in effect says that 𝐺ሺ𝑚, 𝑛ሻ as defined in (1) is uniformly bounded over 

both ℝ and ℂ. This theorem/inequality of Grothendieck, including determining the 

exact constant (or sharper bounds for it [12]), has been the focus of tremendous 

research for the past few decades, including in Banach space theory, 𝐶∗ algebra 

theory, operator theory, physics, and computer science (see e.g., the survey [11]). 

We refer the reader to the comprehensive and authoritative survey by Pisier [14] 

and the memoir by Blei [3] for more on the Grothendieck inequality. 

The goal of this short note is the approach the Grothendieck inequality via 

the framework of Birkhoff-James orthogonality. Since the right-hand side of (1) 

is the supremum of a convex function taken over a convex set, the supremum is 

attained at the extreme points of the convex set, viz., the closed unit ball of 

𝔹ሺℓ∞
𝑛 , ℓ1

𝑚ሻ. Hence characterization of these extreme point, which we call the 

extreme contractions (following [8]), would allow us to find the Grothendieck 

constant for the given pair ሺ𝑚, 𝑛ሻ. 

In this spirit, the first step towards better bounding the Grothendieck 

constant would be to characterize the extreme contractions. This has been done 

for 𝑚 = 1, 𝑛 = 1, and ሺ𝑚, 𝑛ሻ = ሺ2,2ሻ, ሺ3,3ሻ in [1] and [13]. In this note we focus 

on the case 𝑛 ≥ 4, where our main result provides a class of extreme contractions: 

 

Theorem 1. Let 𝑛 ≥ 4. If 𝑇 ∈ 𝔹ሺℓ∞
𝑛 , ℓ1

𝑚ሻ is a right-symmetric point and has 

norm 1, then T is an extreme contraction. 

 

For proving this result, we first study Birkhoff-James orthogonality in the 

Banach space ℓ∞
𝑛 ⨂𝕏 for any Banach space 𝕏. Using the results obtained therefrom, 

we prove the relationship between the point-wise symmetry of Birkhoff-James 

orthogonality and the geometry of the space of operators mentioned before. 

 

 

Notations and Terminologies 

 

Let us establish the relevant notations and terminologies to be used 

throughout the article. All the Banach spaces considered here are over ℝ. For a 

Banach space 𝕏, let 𝕏∗ denote the continuous dual of it and define the support 

functional of a non-zero element 𝑥 ∈ 𝕏 to be any 𝑓 ∈ 𝕏∗ such that  

 
‖𝑓‖ = 1, 𝑓ሺ𝑥ሻ = ‖𝑥‖. 

 

A non-zero element 𝑥 ∈ 𝕏 is said to be smooth if it has a unique support 

functional. 

Given two elements 𝑥, 𝑦 ∈ 𝕏, 𝑥 is defined to be Birkhoff-James orthogonal 

to 𝑦 [2], denoted by 𝑥 ⊥𝐵 𝑦 if 

 
‖𝑥 + λ𝑦‖ ≥ ‖𝑥‖, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑠𝑐𝑎𝑙𝑎𝑟 λ. 
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James proved in [10] that 𝑥 ⊥𝐵 𝑦 if and only if 𝑥 = 0 or 𝑓ሺ𝑦ሻ = 0 for some 

support functional 𝑓 of 𝑥. In the same article, he proved that a non-zero point 

𝑥 ∈ 𝕏 is smooth if and only if Birkhoff-James orthogonality is right-additive at 

𝑥, i.e., for any 𝑦, 𝑧 ∈ 𝕏, 

 

𝑥 ⊥𝐵 𝑦, 𝑥 ⊥𝐵 𝑧 ⇒ 𝑥 ⊥𝐵 ሺ𝑦 + 𝑧ሻ. 
 

James proved in [9] that in a normed linear space of dimension 3 or more, 

Birkhoff-James orthogonality is symmetric if and only if the space is an inner 

product space. However, the importance of studying the point-wise symmetry of 

Birkhoff-James orthogonality in describing the geometry of normed linear 

spaces has been illustrated in [6, Theorem 2.11], [17, Corollary 2.3.4]. Let us 

recall the following definition in this context from [16], which will play an 

important part in our present study. 

 

Definition 2. An element 𝑥 of a normed linear space 𝕏 is said to be left-

symmetric (resp. right-symmetric) if 

 

𝑥 ⊥𝐵 𝑦 ⇒ 𝑦 ⊥𝐵 𝑥  ሺ𝑟𝑒𝑠𝑝.  𝑦 ⊥𝐵 𝑥 ⇒ 𝑥 ⊥𝐵 𝑦ሻ, 
 

for every 𝑦 ∈ 𝕏. 
 

Note that by the term point-wise symmetry of Birkhoff-James orthogonality, 

we refer to the left-symmetric and the right-symmetric points of a given normed 

linear space. 

 

A semi-inner product on a real vector space 𝕍 is defined to be a map 
[. , . ]: 𝕍 × 𝕍 → ℝ such that for 𝑥, 𝑦, 𝑧 ∈ 𝕍 and λ ∈ ℝ, 

 

(1) [𝑥, 𝑥] ≥ 0 with equality if and only if 𝑥 = 0. 
(2) [𝑥, 𝑦] + λ[𝑥, 𝑧] = [𝑥, 𝑦 + λ𝑧]. 
(3) [λ𝑥, 𝑦] = λ[𝑥, 𝑦]. 
(4) [𝑥, 𝑦]2 ≤ [𝑥, 𝑥][𝑦, 𝑦]. 
 

A semi-inner product on a Banach space 𝕏 is a map [. , . ]: 𝕏 × 𝕏 → ℝ 

satisfying the above four properties along with [𝑥, 𝑥] = ‖𝑥‖2 for every 𝑥 ∈ 𝕏. 
Construction of a semi-inner product on 𝕏 requires a map Ψ: 𝑆𝕏 → 𝕏∗ such that 

Ψሺ𝑥ሻ is a support functional of 𝑥 and Ψሺ−𝑥ሻ = −Ψሺ𝑥ሻ for every 𝑥 ∈ 𝑆𝕏. The 

semi-inner product can then be constructed as [0, 𝑦] = 0 and 

[𝑥, 𝑦] = ‖𝑥‖ (Ψ (
𝑥

‖𝑥‖
)) ሺ𝑦ሻ, 𝑥, 𝑦 ∈ 𝕏, 𝑥 ≠ 0. 

 

Note that a non-zero point 𝑥 ∈ 𝕏 is smooth if and only if 

 
[𝑥, 𝑦]1 = [𝑥, 𝑦]2 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑦 ∈ 𝕏, 
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where [. , . ]1 and [. , . ]2 are any two semi-inner products on 𝕏. Also for 𝑥, 𝑦 ∈ 𝕏, 

𝑥 ⊥𝐵 𝑦 if and only if [𝑥, 𝑦] = 0 for some semi-inner product [. , . ] on 𝕏. 
 

Let us denote the space ℓ∞
𝑛 ⊗ 𝕏 by 𝕏∞

𝑛 . Then 𝕏∞
𝑛  is the vector space of all 

𝕏-valued sequences of length 𝑛 with the norm defined as 

 
‖ሺ𝑥1, 𝑥2, … , 𝑥𝑛ሻ‖ ≔ 𝑚𝑎𝑥

1≤𝑖≤𝑛‖𝑥𝑖‖
‖𝑥𝑖‖ , 𝑥𝑖 ∈ 𝕏. 

 

Also denote ℓ1
𝑛 ⊗ 𝕏 by 𝕏1

𝑛, i.e.,  

𝕏1
𝑛 ≔ {ሺ𝑥1, 𝑥2, … , 𝑥𝑛ሻ: 𝑥𝑖 ∈ 𝕏}, ‖ሺ𝑥1, 𝑥2, … , 𝑥𝑛ሻ‖ ≔ ∑‖𝑥𝑖‖

𝑛

𝑖=1

, 𝑥𝑖 ∈ 𝕏. 

 

The Banach space of all bounded linear maps between two Banach spaces 

𝕏 and 𝕐 equipped with the operator norm is denoted by 𝔹ሺ𝕏, 𝕐ሻ. We call an 

extreme point of the closed unit ball of this space, extreme contraction. Also, the 

extreme points of the closed unit ball of any Banach space 𝕏 are denoted simply 

by extreme points of 𝕏. An operator 𝑇 ∈ 𝔹ሺ𝕏, 𝕐ሻ is said to attain norm at 𝑥 ∈ 𝕏 

if ‖𝑥‖ = 1 and ‖𝑇𝑥‖ = ‖𝑇‖. The set of all points where an operator 𝑇 attains 

norm is denoted by 𝑀𝑇, i.e., 

 

𝑀𝑇 ≔ {𝑥 ∈ 𝕏: ‖𝑥‖ = 1, ‖𝑇𝑥‖ = ‖𝑇‖}. 
 

 

Birkhoff-James Orthogonality in 𝕏𝒏
∞

  

 

Begin by observing that the dual of 𝕏∞
𝑛  is 𝕏1

∗𝑛
 with the functional 

𝑃𝑠𝑖ሺ𝑓1,𝑓2,…,𝑓𝑛ሻ corresponding to ሺ𝑓1, 𝑓2, … , 𝑓𝑛ሻ ∈ 𝕏𝑛
∗1

 given by 

 

Ψሺ𝑓1,𝑓2,…,𝑓𝑛ሻሺ𝑥1, 𝑥2, … , 𝑥𝑛ሻ ≔ ∑ 𝑓𝑖ሺ𝑥𝑖ሻ

𝑛

𝑖=1

, ሺ𝑥1, 𝑥2, … , 𝑥𝑛ሻ ∈ 𝕏∞
𝑛 . 

 

We now characterize the support functionals of any non-zero element of 

𝕏∞
𝑛 . 

 

Proposition 3. Given 𝑥 = ሺ𝑥1, 𝑥2, … , 𝑥𝑛ሻ ∈ 𝕏∞
𝑛  non-zero, ሺ𝑓1, 𝑓2, … , 𝑓𝑛ሻ ∈ 𝕏1

∗𝑛
 

is a support functional of the element if and only if  

𝑓𝑖 = λ𝑖𝑔𝑖 , 1 ≤ 𝑖 ≤ 𝑛, λ𝑖 ∈ [0,1], ∑ λ𝑖

𝑛

𝑖=1

= 1, 

 

where 𝑔𝑖 is a support functional of 𝑥𝑖 for every 1 ≤ 𝑖 ≤ 𝑛 and λ𝑖 = 0 if ‖𝑥𝑖‖ <
‖𝑥‖. 
 



Athens Institute’s Working Paper Series No. 2025-2760-05, 14 January 2025, pages: 1-11 

 

5 

Proof: To prove the sufficiency, note that if ሺ𝑓1, 𝑓2, … , 𝑓𝑛ሻ satisfies the given 

condition, then  

 

‖ሺ𝑓1, 𝑓2, … , 𝑓𝑛ሻ‖ = ∑‖𝑓𝑖‖

𝑛

𝑖=1

= ∑ λ𝑖

n

i=1

‖𝑔𝑖‖ = 1, 

and  

 

Ψሺ𝑓1,𝑓2,…,𝑓𝑛ሻሺ𝑥1, 𝑥2, … , 𝑥𝑛ሻ = ∑ λ𝑖𝑔𝑖ሺ𝑥𝑖ሻ

𝑛

𝑖=1

= ∑ λ𝑖𝑔𝑖ሺ𝑥𝑖ሻ

‖𝑥𝑖‖=‖𝑥‖

= ∑ λ𝑖‖𝑥𝑖‖

‖𝑥𝑖‖=‖𝑥‖

= ‖𝑥‖, 
 

since λ𝑖 = 0 if ‖𝑥𝑖‖ ≠ ‖𝑥‖. 

 

For the necessity, note that if Ψሺ𝑓1,𝑓2,…,𝑓𝑛ሻ is a support functional of 

ሺ𝑥1, 𝑥2, … , 𝑥𝑛ሻ, then  

 

‖𝑥‖ = ∑ 𝑓𝑖ሺ𝑥𝑖ሻ

𝑛

𝑖=1

≤ ∑‖𝑓𝑖‖‖𝑥𝑖‖

𝑛

𝑖=1

≤ ∑‖𝑓𝑖‖‖𝑥‖

𝑛

𝑖=1

= ‖𝑥‖‖ሺ𝑓1, 𝑓2, … , 𝑓𝑛ሻ‖. 

 

Since ‖ሺ𝑓1, 𝑓2, … , 𝑓𝑛ሻ‖ = 1, equality must hold in all the inequalities giving 

𝑓𝑖 = 0 if ‖𝑥𝑖‖ < ‖𝑥‖ and 𝑓𝑖ሺ𝑥𝑖ሻ = ‖𝑓𝑖‖‖𝑥𝑖‖ if ‖𝑥𝑖‖ = ‖𝑥‖. Hence 𝑓𝑖 = λ𝑖𝑔𝑖 for 

some support functional 𝑔𝑖 of 𝑥𝑖 and λ𝑖 ≥ 0 if ‖𝑥𝑖‖ = ‖𝑥‖. Finally, 

 

∑ λ𝑖

𝑛

𝑖=1

= ∑ λ𝑖

‖𝑥𝑖‖=‖𝑥‖

= ∑ λ𝑖‖𝑔𝑖‖

‖𝑥𝑖‖=‖𝑥‖

= ∑ ‖𝑓𝑖‖

‖𝑥𝑖‖=‖𝑥‖

= ∑‖𝑓𝑖‖

𝑛

𝑖=1

= 1. 

□ 

 

We are now ready to characterize Birkhoff-James orthogonality in 𝕏∞
𝑛 . 

 

Theorem 4. Given two elements 𝑥 = ሺ𝑥1, 𝑥2, … , 𝑥𝑛ሻ and 𝑦 = ሺ𝑦1, 𝑦2, … , 𝑦𝑛ሻ of 

𝕏∞
𝑛 , 𝑥 ⊥𝐵 𝑦 if and only if either one of the following two conditions holds 

 

(1) 𝑥𝑖 ⊥𝐵 𝑦𝑖 for some 1 ≤ 𝑖 ≤ 𝑛 such that ‖𝑥𝑖‖ = ‖𝑥‖. 

(2) [𝑥𝑖 , 𝑦𝑖]1[𝑥𝑗 , 𝑦𝑗]
2

< 0 for some 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 and [. , . ]1, [. , . ]2 two semi-

inner products on 𝕏, where ‖𝑥𝑖‖ = ‖𝑥𝑗‖ = ‖𝑥‖. 

Proof. We begin with the sufficiency. If condition 1 holds, then by the James’ 

characterization of Birkhoff-James orthogonality, there exists a support 

functional 𝑓 of 𝑥𝑖 such that 𝑓ሺ𝑦𝑖ሻ = 0. Define Γ: 𝕏∞
𝑛 → ℝ given by 

 

Γ(ሺ𝑧1, 𝑧2, … , 𝑧𝑛ሻ) ≔ 𝑓ሺ𝑧𝑖ሻ, ሺ𝑧1, 𝑧2, … , 𝑧𝑛ሻ ∈ 𝕏∞
𝑛 . 
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Then by Proposition 3, Γ is a support functional of 𝑥 and Γሺ𝑦ሻ = 0 giving 

𝑥 ⊥𝐵 𝑦. If condition 2 holds, then define 𝑓𝑖 , 𝑓𝑗: 𝕏∞
𝑛 → ℝ given by 

 

𝑓𝑖ሺ𝑧ሻ =
1

‖𝑥𝑖‖
[𝑥𝑖 , 𝑧], 𝑓𝑗ሺ𝑧ሻ =

1

‖𝑥𝑗‖
[𝑥𝑗 , 𝑧], 𝑧 ∈ 𝕏. 

 

Then 𝑓𝑖 , 𝑓𝑗 are support functionals of 𝑥𝑖 and 𝑥𝑗 respectively. Further, since 

𝑓𝑖ሺ𝑦𝑖ሻ and 𝑓𝑗(𝑦𝑗) are of opposite signs, there exists λ ∈ ሺ0,1ሻ such that λ𝑓𝑖ሺ𝑦𝑖ሻ +

ሺ1 − λሻ𝑓𝑗(𝑦𝑗) = 0. Define Γ′: 𝕏∞
𝑛 → ℝ as  

Γ′(ሺ𝑧1, 𝑧2, … , 𝑧𝑛ሻ) ≔ λ𝑓𝑖ሺ𝑧𝑖ሻ + ሺ1 − λሻ𝑓𝑗(𝑧𝑗), ሺ𝑧1, 𝑧2, … , 𝑧𝑛ሻ ∈ 𝕏∞
𝑛 . 

 

Then again by Proposition 3, Γ′ is a support functional of 𝑥 and Γ′ሺ𝑦ሻ = 0 

giving 𝑥 ⊥𝐵 𝑦. 
 

For proving the necessity, consider ሺ𝑓1, 𝑓2, … , 𝑓𝑛ሻ ∈ 𝕏𝑛
∗1

 such that Ψሺ𝑓1,𝑓2,…,𝑓𝑛ሻ 

is a support functional of 𝑥 that annihilates 𝑦. By Proposition 3, there exists λ𝑖 ∈
[0,1] and 𝑔𝑖 support functionals of 𝑥𝑖 such that  

 

∑ λ𝑖𝑔𝑖ሺ𝑦𝑖ሻ

‖𝑥𝑖‖=‖𝑥‖

= 0. 

 

Therefore, 𝑔𝑖ሺ𝑦𝑖ሻ = 0 for some 1 ≤ 𝑖 ≤ 𝑛, i.e., 𝑥𝑖 ⊥𝐵 𝑦𝑖 or 𝑔𝑖ሺ𝑦𝑖ሻ and 

𝑔𝑗(𝑦𝑗) are of opposite signs for some 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 giving 𝑔𝑖ሺ𝑦𝑖ሻ𝑔𝑗(𝑦𝑗) < 0. 

Finding semi-inner products [. , . ]1 and [. , . ]2 of 𝕏 such that  

 

[𝑥𝑖 , 𝑧] = ‖𝑥𝑖‖𝑔𝑖ሺ𝑧ሻ 𝑎𝑛𝑑 [𝑥𝑗 , 𝑧] = ‖𝑥𝑗‖𝑔𝑗ሺ𝑧ሻ, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑧 ∈ 𝕏, 

 

we get condition 2.                                                             □ 

 

This result allows us to characterize smoothness in this space. 

 

Corollary 5. A point 𝑥 = ሺ𝑥1, 𝑥2, … , 𝑥𝑛ሻ ∈ 𝕏∞
𝑛  is smooth if and only if there 

exists a unique 1 ≤ 𝑖 ≤ 𝑛 such that ‖𝑥𝑖‖ = ‖𝑥‖ and 𝑥𝑖 is smooth. 

 

Proof. For the necessity, note that if ‖𝑥𝑖‖ = ‖𝑥𝑗‖ = ‖𝑥‖ for some 1 ≤ 𝑖 <

𝑗 ≤ 𝑛, then by Proposition 3, we can find more that one support functional of 𝑥. 

Also if ‖𝑥𝑖‖ = ‖𝑥‖ and 𝑥𝑖 is not smooth, then again by Proposition 3, we can 

find more than one support functional of 𝑥. 
 

For the sufficiency, note that if the aforesaid condition holds, then by Theorem 

4, 𝑥 ⊥𝐵 𝑦 for some 𝑦 = ሺ𝑦1, 𝑦2, … , 𝑦𝑛ሻ ∈ 𝕏∞
𝑛  if and only if 𝑥𝑖 ⊥𝐵 𝑦𝑖, where 

‖𝑥𝑖‖ = ‖𝑥‖. Hence, clearly, for 𝑦 = ሺ𝑦1, 𝑦2, … , 𝑦𝑛ሻ, 𝑧 = ሺ𝑧1, 𝑧2, … , 𝑧𝑛ሻ ∈ 𝕏∞
𝑛 , 

𝑥 ⊥𝐵 𝑦, 𝑥 ⊥𝐵 𝑧 ⇔ 𝑥𝑖 ⊥𝐵 𝑦𝑖 , 𝑥𝑖 ⊥𝐵 𝑧𝑖 ⇒ 𝑥𝑖 ⊥𝐵 ሺ𝑦𝑖 + 𝑧𝑖ሻ ⇔ 𝑥 ⊥𝐵 ሺ𝑦 + 𝑧ሻ. 
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Hence by the James’ characterization of smoothness, 𝑥 is smooth.                      

 

We now prove a necessary condition for an element of 𝕏∞
𝑛  to be right-

symmetric. 

 

Theorem 6. If 𝑥 = ሺ𝑥1, 𝑥2, … , 𝑥𝑛ሻ ∈ 𝕏∞
𝑛  is a right-symmetric point of 𝕏∞

𝑛 , then 
‖𝑥𝑖‖ = ‖𝑥‖ for every 1 ≤ 𝑖 ≤ 𝑛. 
 

Proof. For the sake of contradiction, let 𝑥 be a right-symmetric point of 𝕏∞
𝑛  and 

without loss of generality, assume that ‖𝑥𝑛‖ < ‖𝑥‖. Consider 𝑦 = ሺ𝑦1, 𝑦2, … , 𝑦𝑛ሻ ∈
𝕏∞

𝑛  such that ‖𝑦𝑖‖ < ‖𝑦‖ for every 1 ≤ 𝑖 ≤ 𝑛 and 𝑦𝑛 ⊥𝐵 𝑥𝑛. Now observe that 

for any 𝑧 ∈ 𝕏 non-zero, 

 

𝐽ሺ𝑧ሻ ≔ {𝑓 ∈ 𝕏∗: ‖𝑓‖ = 1, 𝑓ሺ𝑧ሻ = ‖𝑧‖}, 
 

is a convex set and therefore is connected. Further 𝐽ሺ𝑧ሻ is a closed subset of the 

closed unit ball of 𝕏∗ under the weak* topology and hence is weak* compact by 

the Banach-Alaoglu theorem [15]. Therefore,  

 

𝐼ሺ𝑤ሻ ≔ {𝑓ሺ𝑤ሻ: 𝑓 ∈ 𝐽ሺ𝑧ሻ}, 𝑤 ∈ 𝕏, 
 

is a compact connected subset of ℝ and therefore is a finite closed interval.  

 

Hence if 𝑧 is not Birkhoff-James orthogonal to 𝑤, then 𝐼ሺ𝑤ሻ is contained 

either in the positive real line or in the negative real line, i.e., [𝑧, 𝑤] does not 

change sign as [. , . ] varies over all the semi-inner products on 𝕏. 
Therefore, we can choose 𝑦𝑖 ∈ 𝕏 such that [𝑥𝑖 , 𝑦𝑖] > 0 for every 1 ≤ 𝑖 < 𝑛 

and every semi-inner product [. , . ] on 𝕏. For this 𝑦, we get by Theorem 4, 𝑦 ⊥𝐵 𝑥 

but 𝑥 is not Birkhoff-James orthogonal to 𝑦.                                                  □ 

The following remark will be required later. 

 

Remark 7. If 𝑥 = ሺ𝑥1, 𝑥2, … , 𝑥𝑛ሻ ∈ 𝕏∞
𝑛  is such that ‖𝑥𝑖‖ < ‖𝑥‖, then given any 

ϵ > 0, we can find 𝑦 = ሺ𝑦1, 𝑦2, … , 𝑦𝑛ሻ ∈ 𝕏∞
𝑛  satisfying 𝑦 ⊥𝐵 𝑥 but 𝑥 is not 

Birkhoff-James orthogonal to 𝑦 such that ‖𝑦𝑖‖ = ‖𝑦‖ and ‖𝑦𝑗‖ < ϵ for every 

𝑗 ≠ 𝑖. 
 

Point-wise Symmetry of Birkhoff-James Orthogonality and the Geometry 

of 𝔹ሺ𝓵∞
𝐧 , 𝓵𝟏

𝐦ሻ 

 

In this section, we show that any non-zero left-symmetric point of 𝔹ሺℓ∞
𝑛 , ℓ1

𝑚ሻ 

is smooth and any unit norm right-symmetric point of the space is an extreme 

point of the closed unit ball. We begin by characterizing the smooth points of 

the space of operators between two finite-dimensional Banach spaces. 
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Theorem 8. Given finite-dimensional Banach spaces 𝕏 and 𝕐, an operator 𝑇 ∈
𝔹ሺ𝕏, 𝕐ሻ is smooth if and only if 𝑀𝑇 = {𝑥0, −𝑥0} for some 𝑥0 ∈ 𝕏 and 𝑇𝑥0 is a 

smooth point of 𝕐. 
 

Proof. For proving the sufficiency, note that if 𝑀𝑇 = {𝑥0, −𝑥0}, then by [16, 

Corollary 2.2.1], 𝑇 ⊥𝐵 𝑇′ for some 𝑇′ ∈ 𝔹ሺ𝕏, 𝕐ሻ if and only if 𝑇𝑥0 ⊥𝐵 𝑇′𝑥0. 

Hence by smoothness of 𝑇𝑥0 we get 

 

𝑇 ⊥𝐵 𝑆, 𝑇 ⊥𝐵 𝑆′ ⇔ 𝑇𝑥0 ⊥𝐵 𝑆𝑥0, 𝑇𝑥0 ⊥𝐵 𝑆′𝑥0 ⇒ 𝑇𝑥 ⊥𝐵 ሺ𝑆𝑥0 + 𝑆′𝑥0ሻ
⇔ 𝑇 ⊥𝐵 ሺ𝑆 + 𝑆′ሻ. 

 

Thus by the James’ characterization of smoothness, 𝑇 is smooth. 

For proving the necessity, note that if 𝑥 ∈ 𝑀𝑇 and 𝑇𝑥 ∈ 𝕐 is not smooth, 

then there exist 𝑓 and 𝑔 distinct support functionals of 𝑇𝑥 giving two distinct 

support functionals Φ and Ψ of 𝑇 given by  

 

Φሺ𝑆ሻ ≔ 𝑓ሺ𝑆𝑥ሻ, Ψሺ𝑆ሻ ≔ 𝑔ሺ𝑆𝑥ሻ, 𝑆 ∈ 𝔹ሺ𝕏, 𝕐ሻ. 
 

Also if 𝑀𝑇 contains two linearly independent points 𝑥 and 𝑦, then consider 

support functionals 𝑓 and 𝑔 (not necessarily distinct) of 𝑇𝑥 and 𝑇𝑦 respectively 

to get two distinct support functionals Φ and Ψ of 𝑇 given by 

 

Φሺ𝑆ሻ ≔ 𝑓ሺ𝑆𝑥ሻ, Ψሺ𝑆ሻ ≔ 𝑔ሺ𝑆𝑦ሻ, 𝑆 ∈ 𝔹ሺ𝕏, 𝕐ሻ. 
□ 

We now prove the relationship between left-symmetric points and smoothness 

in 𝔹ሺℓ∞
𝑛 , ℓ1

𝑚ሻ. 
 

Theorem 9. A non-zero element 𝑇 ∈ 𝔹ሺℓ∞
𝑛 , ℓ1

𝑚ሻ is smooth if it is left-symmetric. 

 

Proof. Let 𝑥 ∈ 𝑀𝑇 and assume that 𝑇𝑥 is not a left-symmetric point of ℓ1
𝑚. Then 

find 𝑦 ∈ ℓ1
𝑚 such that 𝑇𝑥 ⊥𝐵 𝑦 but 𝑦 is not Birkhoff-James orthogonal to 𝑥. 

Construct 𝑇′ ∈ 𝔹ሺℓ∞
𝑛 , ℓ1

𝑚ሻ such that 𝑀𝑇′ = {𝑥, −𝑥} and 𝑇′𝑥 = 𝑦. Hence by [16, 

Corollary 2.2.1], we get that 𝑇 ⊥𝐵 𝑇′ but 𝑇′ is not Birkhoff-James orthogonal to 

𝑇. Thus 𝑇𝑥 must be a left-symmetric point of ℓ1
𝑚 whenever 𝑥 ∈ 𝑀𝑇 . However, 

from [6], we get that every left-symmetric point of ℓ1
𝑚 is smooth. Hence 𝑇𝑥 must 

be a smooth point of ℓ1
𝑚 for every 𝑥 ∈ 𝑀𝑇 . 

Now, if 𝑀𝑇 contains more than two points, then 𝑀𝑇 must contain at least 

two extreme points. Since 𝑥 ⊥𝐵 𝑦 for any two linearly independent extreme 

points of ℓ∞
𝑛 , we can find rank 1 operator 𝑇′ ∈ 𝔹ሺℓ∞

𝑛 , ℓ1
𝑚ሻ such that 𝑀𝑇′ =

{𝑥, −𝑥}, 𝑇′𝑥 = 𝑇𝑥 and 𝑇′𝑦 = 0 for every extreme point 𝑦 ∈ 𝑀𝑇 linearly 

independent to 𝑥. Hence again, 𝑇 ⊥𝐵 𝑇′ but 𝑇′ is not orthogonal to 𝑇. 

Thus 𝑀𝑇 = {𝑥, −𝑥} and 𝑇𝑥 is a smooth point of ℓ1
𝑚. Hence by Theorem 8, 

𝑇 must be smooth.                                                                    □ 

We now come to our final result, where we relate the notion of right-

symmetry of Birkhoff-James orthogonality with extreme contractions. Recall 
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from [8] that these are simply defined to be the extreme points of the closed unit 

ball of 𝔹ሺℓ∞
𝑛 , ℓ1

𝑚ሻ. 
 

Proof of Theorem 1. Let us denote ℓ∞
𝑛  and ℓ1

𝑚 by 𝕏 and 𝕐 respectively. Begin 

by observing that if 𝑀𝑇 contains 𝑛 linearly independent extreme points of ℓ∞
𝑛 , 

then 𝑇 is an extreme contraction since if 𝑇 =
1

2
ሺ𝑇1 + 𝑇2ሻ, for some 𝑇1, 𝑇2 ∈

𝔹ሺℓ∞
𝑛 , ℓ1

𝑚ሻ having norm 1, then 𝑇𝑥 =
1

2
ሺ𝑇1𝑥 + 𝑇2𝑥ሻ for every extreme point 𝑥 

of ℓ∞
𝑛  contained in 𝑀𝑇 , giving 𝑇1𝑥 = 𝑇2𝑥 = 𝑇𝑥. Since there are 𝑛-many linearly 

independent 𝑥 in 𝑀𝑇, clearly 𝑇, 𝑇1 and 𝑇2 agree on ℓ∞
𝑛 , proving 𝑇 to be an 

extreme contraction. 

 

Now, assume the contrary. As 𝑇 is not an extreme contraction, 𝑇 cannot 

attain norm at more than 𝑛 − 1 linearly independent extreme points. Let 𝑇 attain 

norm at 𝑥1, 𝑥2, … , 𝑥𝑘 , which are linearly independent extreme points of 𝕏. 
Extend {𝑥1, 𝑥2, … , 𝑥𝑘} to a basis {𝑥1, 𝑥2, … , 𝑥𝑛} of 𝕏 consisting of extreme 

points. Also, by composing 𝑇 with a suitable signed permutation operator, we 

can assume that 𝑥𝑖 = ∑ 𝑒𝑗
𝑛
𝑗=1 − 2𝑒𝑖 , where 𝑒𝑖 denotes the 𝑖-th standard basis 

vector.  

Define a map Γ: 𝔹ሺ𝕏, 𝕐ሻ → 𝕐∞
𝑛  given by 

 

Γሺ𝑆ሻ ≔ ሺ𝑆𝑥1, 𝑆𝑥2, … , 𝑆𝑥𝑛ሻ, 𝑆 ∈ 𝔹ሺ𝕏, 𝕐ሻ. 
 

Clearly Γ is a bijective bounded linear map having norm 1 and it attains 

norm at 𝑇. Now let 𝑇 ⊥𝐵 𝑆 for some 𝑆 ∈ 𝔹ሺ𝕏, 𝕐ሻ. Then by [16, Theorem 2.2], 

there exist 𝑥, 𝑥′ ∈ 𝑀𝑇 such that  

 
‖𝑇𝑥 + λ𝑆𝑥‖ ≥ ‖𝑇𝑥‖, ‖𝑇𝑥′ − λ𝑆𝑥′‖ ≥ ‖𝑇𝑥′‖  𝑓𝑜𝑟  𝑒𝑣𝑒𝑟𝑦 λ ≥ 0. 

 

Now if ‖𝑇𝑥 + λ𝑆𝑥‖ ≥ ‖𝑇𝑥‖ for every λ > 0 then either 𝑇𝑥 ⊥𝐵 𝑆𝑥 or 
[𝑇𝑥, 𝑇′𝑥] > 0 for evert semi-inner product [. , . ] on 𝕐 since otherwise there exists 

δ > 0 such that 𝑓ሺ𝑇′𝑥ሻ ≤ −δ for every support functional 𝑓 of 𝑇𝑥. However, 

this means that for any support functional 𝑓 of 𝑇𝑥, 

 
‖𝑇𝑥‖ = 𝑓ሺ𝑇𝑥ሻ ≥ 𝑓ሺ𝑇𝑥 + λ𝑆𝑥ሻ − δλ. 

Since the support functionals of 𝑇𝑥 are limit points of the set of support 

functionals of 𝑇𝑥 + λ𝑆𝑥 for every λ > 0, this violates ‖𝑇𝑥 + λ𝑆𝑥‖ ≥ ‖𝑇𝑥‖ for 

every λ ≥ 0.  
 

Now if 𝑥 ∈ 𝑀𝑇 , then 𝑥 lies on the convex hull of {𝑥1, 𝑥2, … , 𝑥𝑘}. If 𝐴 is the 

smallest subset of {𝑥1, 𝑥2, … , 𝑥𝑘} such that 𝑥 ∈ 𝑐𝑜𝑛𝑣ሺ𝐴ሻ, then 𝑇𝑥 = 𝑇𝑥𝑖 for 

every 𝑥𝑖 ∈ 𝐴. Hence if 𝑇𝑥 ⊥𝐵 𝑆𝑥 and 𝑥 = ∑ λ𝑖𝑥𝑖
𝑛
𝑖=1 , λ𝑖 > 0, ∑ λ𝑖

𝑛
𝑖=1 = 1, then 

find a support functional 𝑓 of 𝑇𝑥 such that 𝑓ሺ𝑆𝑥ሻ = 0. Since 𝑓 is a support 

functional of 𝑇𝑥𝑖 for every 𝑥𝑖 ∈ 𝐴, 
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Ψ: 𝑦 ↦ ∑ λ𝑖𝑓ሺ𝑦𝑖ሻ

𝑥𝑖∈𝐴

, 𝑦 = ሺ𝑦1, 𝑦2, … , 𝑦𝑛ሻ ∈ 𝕐∞
𝑛 , 

 

is a support functional of Γሺ𝑇ሻ by Proposition 3, such that Ψ(Γሺ𝑆ሻ) = 0. Also, 

if [𝑇𝑥, 𝑆𝑥] > 0, then [𝑇𝑥𝑖 , 𝑆𝑥] > 0 for every 𝑥𝑖 ∈ 𝐴. Hence 

 

∑ λ𝑖[𝑇𝑥𝑖 , 𝑆𝑥𝑖]

𝑥𝑖∈𝐴

> 0, 

 

giving [𝑇𝑥𝑖 , 𝑆𝑥𝑖] > 0 for some 𝑥𝑖 ∈ 𝐴. Similarly if [𝑇𝑥, 𝑆𝑥] < 0, then [𝑇𝑥𝑖 , 𝑆𝑥𝑖] <
0 for some 𝑥𝑖 ∈ 𝐴. Now as 𝑇 ⊥𝐵 𝑆, 𝑇𝑥 ⊥𝐵 𝑆𝑥 for some 𝑥 ∈ 𝑀𝑇 or [𝑇𝑥, 𝑆𝑥] < 0 

and [𝑇𝑦, 𝑆𝑦] > 0 for some 𝑥, 𝑦 ∈ 𝑀𝑇. In either case, by Theorem 4, Γሺ𝑇ሻ ⊥𝐵 Γሺ𝑆ሻ. 
 

Now, by Theorem 6, Γሺ𝑇ሻ is not a right-symmetric points of 𝕐∞
𝑛 . Further, 

by Remark 7, we can find 𝑦 = ሺ𝑦1, 𝑦2, … , 𝑦𝑛ሻ ∈ 𝕐∞
𝑛  such that Γሺ𝑇ሻ is not 

Birkhoff-James orthogonal to 𝑦 and 𝑦 ⊥𝐵 Γሺ𝑇ሻ, with ‖𝑦𝑛‖ = ‖𝑦‖ and ‖𝑦𝑖‖ 

arbitrarily small for 𝑖 ≠ 𝑛. Now let 𝑥 be any extreme point of 𝕏. Then there 

exists a partition ሺ𝐴, 𝐵ሻ of {1,2, … , 𝑛} such that  

 

𝑥 = ∑ 𝑒𝑖

𝑖∈𝐴

− ∑ 𝑒𝑖

𝑖∈𝐵

. 

Then if 𝐴 = ∅ or 𝐵 = ∅, 

 

𝑆𝑥 =
1

ሺ𝑛 − 2ሻ
∑ 𝑆𝑥𝑖

𝑛

𝑖=1

, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑆 ∈ 𝔹ሺ𝕏, 𝕐ሻ. 

 

Else, if |𝐴|, |𝐵| ≥ 2, then 

 

𝑆𝑥 =
|𝐴| − |𝐵|

2ሺ𝑛 − 2ሻ
∑ 𝑆𝑥𝑖

𝑛

𝑖=1

+
1

2
(∑ 𝑆𝑥𝑖

𝑖∈𝐴

− ∑ 𝑆𝑥𝑖

𝑖∈𝐵

) , 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑆 ∈ 𝔹ሺ𝕏, 𝕐ሻ. 

 

Since 𝑛 ≥ 4, by choosing ‖𝑦𝑖‖ sufficiently small, we can ensure that Γ−1ሺ𝑦ሻ 

attains norm only at {𝑒𝑛, −𝑒𝑛}. 

 

Therefore, by [16, Corollary 2.2.1], Γ−1ሺ𝑦ሻ ⊥𝐵 𝑇. However, as Γሺ𝑇ሻ is not 

Birkhoff-James orthogonal to 𝑦, we must have 𝑇 not Birkhoff-James orthogonal 

to Γ−1ሺ𝑦ሻ, violating the right-symmetry of 𝑇.                                                           □ 
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