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Abstract

In the wood industry, it is common practice to compare in terms of the ratio
of two different strength properties for lumber of the same dimention, grade and
species or the same strength property for lumber of two different dimensions,
grades or species. Because United States lumber standards are given in terms of
population fifth percentile, and strength problems arised from the weaker fifth
percentile rather than the stronger mean, the ratio should be expressed in terms of
the fifth percentiles of two strength distributions rather than the mean.

Exact confidence regions for the ratio of percentiles for two independent
normal distributions when the ratio of variances is known are obtained. The
confidence region can be a bounded interval, the complement of an interval, or
the whole real line. When large samples are available, confidence intervals for the
ratio of percentiles are also obtained even when the ratio of variances is unknown.
The confidence region is always a bounded interval, but it shows poor coverage
rates when the percentile in the denominator is near zero.

When sample sizes are large, non parametric approaches are possible. If
percentiles are estimated by order statistics, the resulting confidence region is
always a bounded interval with poor coverage rates. This paper will assume small
samples to derive new non parametric method which is similar to the Wilcoxon
rank-sum test, find ratio of percentiles in original measurements and in ranks, and
compute confidence regions which should be intervals and hopefully can show
good coverage rates.

Keywords: Strength of lumber, Ratio of percentiles, Non parametric methods
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1. Introduction

Alougth the purpose is to compare two different strength properties, at first
only one sample is considered and made inferences. The 100 p th percentile of

the population is
&, =inf{x: F(x) = p}.

2. Sign Test for the Percentile

Define a new random variable D to be the result of original random
variable X subtracting the conjectural 100 p th percentile. Then D is negative

with probability pand positive with probability 1- p . Let P- be the prabiblity
that D is negative, then test hyphotheses become

Ho: P- =p,

Hi:P-#p.

Let T_ be the number of observations of negative D. If the null hypothesis
is true, T_ follows a binomial distribution with parameters n and p. The null
hypothesis is rejected when

p-value= Zi(ank 1-p)" ¥ <a.
k=0 k

To construct an exact confidence interval for the 100 p th percentile, find

two orders L and U such that
L:sup{L:i(ank(l— p)" sﬂ}, U :inf{u ; Z (ank(l_ p)"* gﬁ}
k=0 k 2 k=U+1 k 2

Finally the exact 100(1-0)% confidence interval calculated by Thompson-
Savur method for the 100 p th percentile &, is (X, X, )-

If a large sample is available, T_ can be approximated by a normal
distribution with E(T_) =npand Var(T_) =np(l— p) . Now the null hypothesis
is rejected when

,_ ‘Tﬁ —-np|-05 oy
Jnp-p)

To construct an approximated confidence interval for the 100 pth

percentile, find two orders L and U such that
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L:sup{L: L<np-05-Z_./np(l-p), Lez},
2

U =inf{U :U>np+0.5+Z,,np(l-p), U EZ}.

2

The approximated 100(1-a)% confidence interval for the 100 pth
percentile & is (X(L), X(U)).

3. Wilcoxon signed Rank Test for the Percentile

Only the sign of the new random variable D is considered in the sign test.
Hence Wilcoxon signed rank test is created to take care of the size of the new
random variable D.

Ranks 1, 2, ... n are given to the values of |D| in ascending order. Define

R
E(R)=1-p),
E(R?)=i*(1-p).
Var (R) = E(R?) ~[E(R)]’ =i*(l- p)~i*(l- p)* =i* (1~ p)L-1+ p) =i’ p(L- p)

3 n(n+1)
T, =;R‘ == T,

and the null hypothesis is rejected if the corresponding p-value of T_in Table 1

<a.
Table 1 is the new Wilcoxon signed rank test table adjusted for percentiles.
To construct an confidence interval for the 100 pth percentile, the

n(n+1)

n
empirical 100 p th percentiles of (2j+n = pairs of observations need

to be found. If X is the smaller value and X, is the larger value of a pair of
observations, then the empirical 100 p th percentile is E = (1— p) X + pX, .

Two orders L and U are created in the following way to construct an
exact confidence interval:

L=sup{L:P(I' SL)S%}, U =inf{U P(T_ ZU)S%}.
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Table 1. Wilcoxon signed rank test table adjusted for percentiles when n=12

10% 50%

T- | p-value | T- p-value T- p-value T- p-value
0 | 028243 | 0 0.00024 23 0.11670 46 0.71533
1] 031381 | 1 0.00049 24 0.13306 47 0.74072
2 | 034519 | 2 0.00073 25 0.15063 48 0.76514
3 | 038006 | 3 0.00122 26 0.16968 49 0.78809
4 | 041493 | 4 0.00171 27 0.19019 50 0.80981
5 | 045328 | 5 0.00244 28 0.21191 51 0.83032
6 | 049202 | 6 0.00342 29 0.23486 52 0.84937
7 | 053425 | 7 0.00464 30 0.25928 53 0.86694
8 | 057687 | 8 0.00610 31 0.28467 54 0.88330
9 | 062336 | 9 0.00806 32 0.31104 55 0.89819
10 | 0.67028 | 10 0.01050 33 0.33862 56 0.91187
11 | 0.72108 | 11 0.01343 34 0.36670 57 0.92432
12 | 0.77269 | 12 0.01709 35 0.39551 58 0.93530
13 | 0.79684 | 13 0.02124 36 0.42505 59 0.94507
14 | 0.81836 | 14 0.02612 37 0.45483 60 0.95386
15 | 0.84071 | 15 0.03198 38 0.48486 61 0.96143
16 | 0.86008 | 16 0.03857 39 0.51514 62 0.96802
17 | 0.8799%4 | 17 0.04614 40 0.54517 63 0.97388
18 | 0.89687 | 18 0.05493 41 0.57495 64 0.97876
19 | 0.91390 | 19 0.06470 42 0.60449
20 | 0.92762 | 20 0.07568 43 0.63330
21 | 094144 | 21 0.08813 44 0.66138
22 | 095158 | 22 0.10181 45 0.68896
23 | 0.96139
24 | 0.96747
25 | 0.97281
26 | 0.97748

Finally the exact 100(1-a)% confidence interval calculated by Hodges-
Lehmann method for the 100 p th percentile &, is (E,, E))-

If a large sample is available, then

E(T,)= E(Zn:Rij:Zn:i(l— p)= N(n+Dd=p)

= 2
_n+) g y_nn+hp
E(T)= 5 E(T,) >
_ oxs, n(n+D)(2n+1)p?
Var(T )=p iZ:l“l = 5 .
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Now the null hypothesis is rejected when

_n(n+Yp 05
— | C

U

/= >7 .

\/n(n+1)(2n+1)p2 _Z(tf—ti) 2
6 48
To construct an approximated confidence interval for the 100 pth

percentile, find two orders L and U such that

L_sup{L: Lgn(n——;l')p_o'S_za\/n(n-i-l)(zn—i-l) p2 _Z(t‘i _ti)’ LEZ},

. 6 8

2 3t
U_inf{U:U z”(”—;l)'o+o.5+za\/“(”+1)(§”+l)p —2(4'18 ) uez}
2

The approximated 100(1-a)% confidence interval for the 100 pth
percentile & is (E(L), E(U)).

4. Wilcoxon Rank-sum Test for Ratio of Percentiles

Suppose that 100(1-a)% confidence intervals for the 100 p th percentile
&,,0f the numerator population and the 100 pth percentile &, of the

denominator population are (X(Ll), X(u1)) and (Y(LZ), Y(UZ)), respectively.

Then the 100(1-a)% confidence interval for &, /&, can be easily calculated by

X(Ll) X(Ul)
Y(U2) Y(L2)

Wilcoxon rank-sum test becomes very complicate for ratio of percentiles.
Let us focus only on the steps of constructing the exact confidence interval.
At first the logrithms of N, =n,(n, +1)/2 empirical 100 p th percentiles

of the numerator sample and N, =n,(n, +1)/2 empirical 100 p th percentiles
of the denominator sample are taken. Then N, —N, differences are computed.

Given N,, N, and o, an order rwill be computed. If the (r+1)th small
difference is L and the (r+1)th large difference is U, then the 100(1-a)%
confidence interval for & /&, is (eL, e“).
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5. Results

Two small examples from Lehmann (1975) and their 95% confidence
intervals for percentiles are given in Table 2. Since the sample size is only
12, P(T_<0)=0.28becomes too large to create confidence intervals for the
10th percentile. When confidence intervals for the 50th percentile are
compared, (approximated) Hodges-Lehmann method can create narrower
confidence intervals because n(n+1)/2 rather than just n values are utilized.

Table 2. Two Small Examples and their 95% Confidence Intervals for
Percentiles

Ex1|203|235| 47 {219|156|203 (266|219 |94 | 47 | -16 | 25.0
@16 (1) A |GG [O]1)] O [ @) [ @ [ @ | QA1)

Method 10th percentile 1l-a 50th percentile 1-a
Binomial test N/A N/A [ NJA| Xg.Xe) | (4.7,21.9) |0.96
ApprOX. Bin. test (X(]_),X(g)) (-94,47) 0.97 (X(g),X(g)) (47, 219) 0.96

Fodges- N/A N/A | NIA | (EuepEes) | (6.25:22.65) | 0.95
Approx. H-L N/A N/A | N/A| (Eus),Ees) | (6.25,22.65) | 0.95
Ex2| 6.2 | 156 | 25 | 47 |28.1|17.2|141|31.1|126| 94 | 17.2 | 234
1@ [® 1) O [AY ] @) | 6) |A2)] @ [ Q) | B | (9

Method 10th percentile 1-a 50th percentile 1-a
Binomial test N/A NA | NA| XeXe) | (9.4,23.4) [0.96
ApprOX. Bin. test (X(l),X(g)) (47, 94) 0.97 (X(g),X(g)) (94, 234) 0.96

Fodges- N/A N/A | NIA | (EgwEes) | (10.9522.6) | 095
Approx. H-L N/A N/A N/A | (EgsyEes) | (11,22.6) | 0.95

95% confidence intervals for ratios of percentiles of two small examples
are given in Table 3. Hodges-Lehmann method can create narrower confidence
intervals because n(n+1)/2 rather than just n values are utilized in both

samples. The problem that the upper bound of the confidence interval of the
ratio of 10th percentiles goes to infinity arised when the 10th percentile of the
denominator population is close to zero. It is suggested that the population with
a small percentile which is close to zero should always be the numerator
population.

One large example from United States Forest Products Laboratory and its
95% confidence intervals for percentiles are given in Table 4. It’s hard to
create the new Wilcoxon signed rank test table adjusted for percentiles for such
a large sample, so only the results of approximated Hodges-Lehmann method
are available.

10
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Table 3. 95% confidence intervals for ratios of percentiles of two small

examples
Numerator Method Ratlo_ of Ratio of 50%ile
10%ile
Binomial test N/A (0.201, 2.330)
Ex1 Approx. Bin. test (-1, 1) (0.201, 2.330)
Hodges-Lehmann N/A (0.277, 2.068)
Approx. H-L N/A (0.277, 2.059)
Binomial test N/A (0.429,4.979)
Approx. Bin. test (-oo.-1)U (0.429,4.979)
Ex2 (1,0) ’
Hodges-Lehmann N/A (0.483, 3.616)
Approx. H-L N/A (0.486, 3.616)
Table 4. One large example and its 95% confidence intervals for percentiles
5418.6 | 4795.9 | 7061.8 | 6307.9 | 6964.0 | 6674.1 | 8153.4 | 6843.5
7011.3 | 5817.3 | 6617.3 | 6136.7 | 7529.2 | 6357.9 | 7643.6 | 7311.8
6997.6 | 4533.1 | 5691.8 | 6245.9 | 6455.7 | 6082.7 | 5511.1 | 5976.8
4607.6 | 44145 | 5268.4 | 8145.4 | 4616.1 | 3508.1 | 5231.6 | 5851.4
4281.8 | 9213.0 | 6051.4 | 4050.5 | 5677.2 | 5531.8 | 4872.4 | 3677.3
4230.9 | 2524.8 | 4896.3 | 4161.0 | 4818.4 | 5325.4 | 5818.8 | 4787.2
5988.6 | 5530.9 | 6351.2 | 2764.8 | 4432.9 | 5325.4 | 5651.6 | 3917.7
4429.6 | 3938.0 | 5143.3 | 4044.5 | 5128.6 | 5681.0 | 4690.8 | 5894.0
2352.0 | 2822.7 | 5465.8 | 3770.9 | 3168.1 | 4994.6 | 2327.6 | 2642.7
4760.3 | 3022.1 | 4187.7 | 4420.0 | 3095.2 | 5289.3 | 3440.7 | 4533.1
3340.9 | 3207.7 | 5270.6 | 4274.4 | 3854.5 | 2748.2 | 4461.2 | 4892.6
5078.2 | 5278.7 | 1420.3 | 3015.2 | 4451.7 | 1931.2 | 3556.0 | 3396.4
6767.2 | 2566.1 | 1228.4 | 5883.6 | 24445 | 3747.0 | 3879.0 | 4392.0
2105.5 | 5161.1 | 4658.4
Method 5% 10% 50%
Binomial test (1228.4, 2566.1) | (2327.6,3095.2) | (4451.7,5231.6)
Approx. Bin. test | (1228.4,2642.7) | (2327.6,3168.1) | (4451.7,5268.4)
Approx. H-L (21558 ;50) (227433? 984?) (4536.2, 5140.5)

6. Future Studies

Simulation will be made to show better coverage rates than those non
parametric approaches of Huang & Johnson (2006).

11
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