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Abstract

The research on codes in Lee metric has increased in last decades due to their several
applications. The interest in these codes is mostly centered in their existence and
enumeration. A well known conjecture of Golomb and Welch states that for n > 2 and
r > 1 there are no perfect r-error correcting Lee codes of word length n over Z, shortly
PL(n, r) codes. Although many efforts have been made, the conjecture is still far from
being solved. It seems that the most difficult cases of the conjecture are those in which
r = 2. In this paper we give a contribution for the proof of the nonexistence of PL(n, 2)
codes, in particular, for the proof of the nonexistence of PL(7, 2) codes. We present
some results, based on the assumption that there exist such codes, and give a strategy
which we believe that will be helpful to prove the nonexistence of PL(7, 2) codes.
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.Introduction

Geometric problems such as ‘for what values of n and r does the
n-dimensional sphere of radius r tile n-dimensional space?’ are popular,
mainly, by their applications on real-life problems. For example, n-space
tilings by certain subsets constitute different types of error correcting codes,
see [4].

The most common metric in coding theory is the Hamming metric, however
we are interested on another frequently used metric, the Lee metric. Since its
first application, related with signal transmission over noisy channels, see [9]
and [14], many studies dealing with the Lee metric have appeared, in
particular, studies involving different types of codes in the Lee metric. In fact,
the interest in Lee codes has been increasing due to their several applications,
see e.g. [1], [2], [3] and [11]. In this paper we focus our attention on perfect
error correcting Lee codes, introduced in [4].

Let (Z", p.) be a metric space, where Z is the set of all integer numbers, n is a
positive integer number and p_ denotes the Lee metric, M < Z" is a perfect  r-
error correcting Lee code of word length n over Z if all spheres of radius r
centered at the elements of M form a partition of Z".

The existence and enumeration of these codes are central problems in the
area of Lee codes. It is proved that there are such codes forn>1and r =1 as
well as for n <2 and r > 1, see [4]. However, it seems that there are no perfect
error correcting Lee codes for other values of n and r. This conjecture is known
as the Golomb - Welch conjecture [4]:

Conjecture 1. There are no perfect r-error correcting Lee codes of word length
nover Zforn>2andr >1.

As there exist perfect 1-error correcting Lee codes of word length n over Z
for all n > 1, perhaps the most difficult cases of the Golomb-Welch conjecture
are those in which r = 2.

Although there is an extensive literature on the subject, the conjecture is still
far from being solved. Several authors have applied distinct methods to prove
the nonexistence of perfect Lee codes for certain values of n and r, however, in
general, it is not possible to extend them to other values of the parameters to
settle the conjecture completely.

Golomb and Welch have shown in [4] that for n > 2 there exists r, so that for
all r > r, there is no perfect r-error correcting Lee code of word length n over
Z, not being specified the value of r,. In [5] it is proved the Golomb-Welch
conjecture for n = 3 and r >1. Using computational resources Spacapan [12]
showed that there are no perfect Lee codes for n = 4 and r > 1. Horak has
shown in [7] and [6], respectively, that there are no perfect Lee codes for
3<n<b5andr>1,andforn=6andr=2.

Unfortunately, it seems that the known proofs do not bring out results and
techniques which allow us to skip to higher dimensions. The difficulty in
proving the conjecture for other values of the parameters has led some authors
to consider special types of perfect Lee codes. Actually, it would be of great
help to find out results for these types of Lee codes, using different approaches,
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having in mind their extension to perfect Lee codes. Next, we present some
interesting results.

In [10], considering metric spaces (Z;, 0, ), Post showed that there are no
periodic perfect Lee codes for 3<n<5,r>n-1and q> 2r + 1, and for n > 6,

r z%n—%(3\/§+2) and g > 2r + 1. These results were improved by
Spacapan in [13], where it is proved that there is no periodic perfect Lee code
forr>n>3.

Horak and Grosek [8] have recently proved, using a new approach, the
nonexistence of linear r-error correcting perfect Lee codes for r = 2 and
7<n<1l.

Since, for r = 2 the Golomb-Welch conjecture is proved for few values of n,
our interest is focused on the proof of the nonexistence of perfect 2-error
correcting Lee codes of word length n over Z for n > 7. In particular, we are
interested on proving the nonexistence of perfect 2-error correcting Lee codes
of word length 7 over Z.

In this paper we present a possible strategy to prove the nonexistence of these
codes. Assuming that there exist such codes, we state some results which
condition their existence.

In section 2 we introduce some definitions and notation. In section 3 we
present the method which we believe may be applied to prove the nonexistence
of such codes and the first results obtained so far.

2. Definitions and notation

Let (C, p) be a metric space, where C is a set and p a metric. Any subset M
of C, IM| > 2, is called code. The elements of C are referred as words, in
particular, the elements of M will be called codewords.

A sphere centered at W € C with radius r is denoted by S(W, r) and is defined
as follows

SW, nN={VeC:pV,W)<r}.
If WeM and VeS(W, r), with V=W, we say that the codeword W covers the
word V.
A code M is a r-error correcting code if for any two codewords W, V eM it

holds S(W, r) N S(V, r) = &. If, in addition, SW,r)=C, then M is a

perfect r-error correcting code.

In this paper we consider codes in the metric spaces (Z", p.), where Z" is the
n-fold Cartesian product of Z, being Z the set of integer numbers, and o
denotes the Lee metric. Considering W, V e Z", with W = (wy, ws, ..., w,) and

V = (vg, Vz, ..., Vo), pL(W, V) is given by p (W, V)=>"| w, —v; |. In these metric
i=1
spaces if M — Z" is a perfect r-error correcting code then M is called perfect r-
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error correcting Lee code of word length n over Z and is called, shortly, by
PL(n, r) code. We note that, given W,V € Z"and r > 0, S(W, r) " S(V, r) = &
if and only if p (W, V) > 2r + 1.

Let M < Z" be a PL(n, r) code. Then, {S(W, r): W € M} can be seen as a
partition of Z". On the other hand, given a codeword W e M, the set of unit
cubes centered at V, with V e S(W, r), tiles R". We recall that a unit cube
centered at V = (Vq, Vo, ..., V) € Z" is the set

{X =X, Xy, X, ) €R" 1 X =V, + &, —1/2< ¢, <1/ 2}.

We are interested into analyze the existence of PL(n, 2) codes for n > 7, in
particular, PL(7, 2) codes. We will deal with PL(n, 2) codes following a
strategy introduced by Horak [6] for proving the nonexistence of PL(n, 2)
codes for 3 < n < 6. In this context we will assume, by contradiction, that there
exists a PL(n, 2) code M for n > 7 and also that O = (0, 0, ..., 0) € M, we will
focus our attention on the subset of M containing the codewords which cover
all words W e Z" satisfying p.(W, O) = 3. Note that, O cover all words W such
that p (W, O) < 2. Our aim is to prove that it is not possible to cover all words
W e Z" such that p (W, O) = 3, without superposition between codewords
of M.

Consider W e Z" such that p (W, O) = 3, then W = (wy, Wy, ..., W,) is of one
and only one of the three distinct types: [£3], if there exists a unique element
ie{l, 2, ..., n}such that w; = 0 and |w;|=3; [£2, +1], if there are exactly two
elements i, je {1, 2, ..., n} such that w;, wj = 0, |wi| = 2 and |wj| = 1; [+17], if
there are exactly three elements i, j, k € {1, 2, ..., n} such that w;, w;j, wx # 0
and wi| = |w;| = |wy| = 1.

Let T = M be the set of codewords which cover all words W € Z" such that
o (W, O) = 3. Then, T e T satisfies o (T, O) = 5. In fact, o (T, O) > 5 since
r = 2, and supposing p.(T, O) > 6 we have p (T, W) > 3 for all word W € Z"
satisfying p.(W, O) = 3, that is, the codeword T does not cover W. Thus, T € T
is of one and only one of the types: [+5], [+4,+1], [£3,+2], [+3,+17], [+2°+1],
[+2,£1%] and [+1°]. The subsets of T containing codewords of these types will
be denoted, respectively, by A, B, C, D, E, F and G, and we set a = |A|, b = |B|,
c=|C|,d=|D|, e = |E|, f = |F| and g = |G|, where |X| denotes the cardinality
of X.

We will consider | = {+1, +2, ..., +n, -1, -2, ..., -n} as the set of signed
coordinates. Let W = (W, Wa, ..., Wp), V.= (V1, Vo, ..., V) € Z"and i € |, if
iw;>0 and ivj;>0, then we say that the |i|-th coordinates of W and V have the
sign of i and, therefore, W and V are sign equivalent in the |i|-th coordinate.

LetH < Z"and W = (W, Wy, ..., Wy) € H. Consider i, j e I, with [i| = [j|, and k
a positive integer number. H;, H;; and H™ will denote, respectively:

- Hi={WeH: iW|i|> 0},
- Hij = {W e H: iW|i| >0A ij > 0};
H i(k): {W e H: iw;> 0 A wy = £k}
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Our aim is to characterize the set T, having in mind to prove that any
characterization of T contradicts the definition of PL(n, 2) code. In next section
we will analyze A, B, C, D, E, F, G — T through the study of the cardinality of
their subsets of codewords which are sign equivalent in some coordinates.

3. Conditions for the existence of PL(n, 2) codes

Our intention is to prove the nonexistence of PL(n, 2) codes for values n > 7.
However, it is not easy to prove the Golomb-Welch conjecture when n is big
and r = 2. As the nonexistence of PL(n, 2) codes it is already proved for
3 < n <6, we are initially interested on proving the nonexistence of PL(7, 2)
codes. Although we have not yet stablished the nonexistence of these codes, in
this section we present some conditions which have to be satisfied by PL(n, 2)
codes and which we hope to be useful in the proof of the nonexistence of such
codes. We begin deriving results for PL(n, 2) codes and then, in the last part of
this section, we present specific results for PL(7, 2) codes.

3.1. PL(n, 2) codes

Suppose that there exists a PL(n, 2) code M < Z" for n > 7. As stated before,
we assume that O = (0, 0, ..., 0) is a codeword of M and so all words W € Z"
such that p (W, O) < 2 are covered by O. The words W e Z" which verify
o (W, O) = 3 are not covered by O and our interest is to characterize the set
T < M composed by the codewords which cover all these words. We are going
to focus our attention on the subsets A, B, C, D, E, F and G of T which contain,
respectively, codewords of the types [5], [£4,£1], [£3,£2], [+3,+17], [+22,+1],
[+2,£1%] and [+1°].

We begin by stating some preliminary results proved by Horak [6], which
condition the cardinality of the subsets of T.

Proposition 2: The parameters a, b, c, d, e, f and g must satisfy the following
system of equations:

atb+c+d=2n
b+2c+2d+4e+3f=8C;
d+e+4f+10g=8C;.

Lemma 3. Foreachiel, | D, UE, | +3| F, | +6| G, |= 4C, ™.
Lemma 4. Foreach i, j € I, [i| # |j|, |Djw Ejj| + 2|F;| + 3|Gij| = 2(n - 2).

i 2(n-1)-2(DFHE)
Lemma’5. Foricl, |, [<2(n—1)— (| DY | +|E, | +] E® |) +| 20220000 |
We note that |_xj denotes the highest integer number less or equal to x.

9
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It is clear that there exist many nonnegative integer solutions for the system
of equations from Proposition 2. However, we are interested in finding out the
‘good’ solutions, that is, solutions which do not contradict the definition of
PL(n, 2) codes. Here we provide insights towards the characterization of
‘good’ solutions.

The cardinality of any of the sets A, B, C, D, E, F and G is influenced by the
cardinality of their index subsets. For example, considering the set G we can
relate |G| with the cardinality of all subsets G;, i € I. In fact,

1
GEZIG |-
5 iel
Besides, foranyi e |
1
|Gi |=Z ZlGij |
jel\{i,—i}

We can derive equivalent equalities when we consider the other sets of T.

The codewords of F and G have more nonzero coordinates when compared
with any other codewords of T. In particular, considering the system of
equations from Proposition 2, g is the variable with highest coefficient. Thus,
we will give particular attention to these sets.

The following lemma restricts the variability of |Fj|.

Lemma 6. Foreachi e I, | F, |£8(n_T1)+1

1D, |-2E,|.
3
Proof. Leti € I. By Lemma 5 we know that
3 (2
|F IS 2(0-2) (DO | +]E, | +|E® | +|2022000mED |
Thus,
2(n-1)-2( D |+]E )

|F <2(-D) (DY [+]E [+|EP D+ 3

and, equivalently,
71201001+ 2100 1] (18 1+1E0 1+ 21E1)

As the codewords of D are of type [+3, +1] and the codewords of E are of type
[+22, +1], then [D;|=ID @ |+|D & | and |Ei|=|E @ |+|E (?’|. Therefore,

||:i I< 8(”3—1) _(l D, |_%|Di(3) |j_(2|Ei |_%|Ei(2) |]

We note that 0 < |D®| < 1, otherwise, there are W, V € D® , W = V, covering

a same word of type [£3]. In fact, W and V would cover a same word U with

the [i|-th coordinate uj satisfying iu;>0 and uj = +3. We also note that

IEi| > |E®|. Consequently,
8(n-1)

R <2 oo g =
3 3 3

8(n-1+1

5
|Di |__|Ei|'H
3 3

The next two lemmas establish similar results for |Gj|.

10
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|D, UE, |[+(n-1)(n-6)| 1
3 6

Proof. From Lemma 3 we get | D, UE, |+3|F, |+6|G, |=4C;* for all i € I.

Therefore,

Lemma7. Foreachiel, |G, |>

2(n-1)(n—2)-6|G, |-| D, UE |
3
for all i e I. Considering Lemma 6, it follows that

|Fi |:

2(n-1)(n-2)-6|G, |-| D, UE, |S8(n—1)+1_| D, |_§| E < 8(n—1)+1_| D, UE, |
3 3 3 3
Thus,
G, | D, UE; |+(n—1)(n—6)_1
3 6
foralliel. (]

Lemma 8. For each icl,| G, |SW. In particular, if n = 0O(mod 3),

then| G, |< &é”_?’) If n=1(mod 3), then| G, |< (n —1);2n—5) _

Proof. By Lemma 3 we know that 6 |G, |< 4C;* for all i  I. Equivalently,

|G |< (n_l)(n_z)
T 3

foriel.
From Lemma 4 we get
2(n-2)

16, )=, &)

where i, j € I and |i|]j|.
If n = 0(mod 3), then there is a positive integer number k so that n = 3k.
Therefore, (1) assumes the form

G, I<

U]

2ABK=2) gt
3 3

As |Gjj| is a nonnegative integer number, it follows that| G; [< 2k —2. Then,

_ n
taking into account thatk = 3’ we get

G, I< 2[3 —1). (2)
3
The codewords of G are of type [+1°]. Therefore, for i € I, we have
1
|Gi |=_ ZlGij |
jel\{i,—i}

As| I \{i,—i}|=2(n-1), taking into account (2) it follows that

11
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16,1 Ex2n-g §-1) - 0209
4 3 3

foriel.

If n = 1(mod 3), then n = 3k + 1, where k is a positive integer number. In
these conditions, from (1) we get

|G, <2k~ 2.
3
As |Gjj| is a nonnegative integer number, |G; |<2k —1. Taking into account

that k = nT—l it follows that

n—lj_1= 2n—5.

| Gij |S 2(_
3 3

Thus, for each i € | we have

G L TG, < xam-nx22_(0=D@n=9)
4 iy 4 3 5

3.1.1. PL(7, 2) codes

In this section we introduce a possible strategy to prove the nonexistence of
PL(7, 2) codes. We believe that next results will be helpful to build the
complete proof. We are going to present only the first steps and the general
idea about the method to be applied to prove it.

Consider the system of equations from Proposition 2. For n = 7 we get

atb+c+d=14
b+2c+2d+4e+ 3f=168 (3)
d + e+ 4f + 10g = 280.

Taking into account the previous results we can restrict the variation of g
limiting the variation of |Gj|, where i € I.

Lemma 9. Foreachi e I,3<|Gj| <09.
Proof. From Lemma 7 we get
| D, UE, |+6_1>6 1 1

|G p————-=>——-=
3 6 3 6 6
foriel.
Suppose, by contradiction, that there is an i € | such that |Gj| = 2. Thus, by
Lemma 7, we have 22M—% and, consequently, |D; u Ej| = 0. Let

W, V e Gj, with W=V. At most, there exists one element j € I\{i, -1}, such that,
W, V e G;j;, otherwise, if there are j, k € I\{i, -i}, with [j| # k|, and W, V € Gjy,
then W and V cover a same word U of type [+1°], whose |i|-th, [j|-th and |k|-th

12
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coordinates satisfy iuj, juy, kui > 0, which contradicts the definition of perfect
Lee codes. As the codewords of G are of type [+1°], there are, at least, six
elements k € I\{i, -1}, distinct, such that |Gj| = 1. Then, by Lemma 4, IDix
U Ei| + 2|Fi| = 7 and, therefore, |Di w Ei| > 0 for all these elements k.
Consequently, |D; u E;j|[>0, which is a contradiction. Thus, we have |Gj| > 3 for
alliel.

Considering now Lemma 8, as 7 = 1(mod 3), we get |Gi| <9 forall i < I.

Therefore, for each i € | we have 3 <|Gj| <9. [

The restriction of the range of the values for |Gj| reduces the possible values
for g. Thus, our strategy consists in proving that for each integer number x
satisfying 3 < x < 9, the hypothesis |Gij| = x implies a contradiction on the
definition of PL(7, 2) code, as we will see in the next lemma for the case
|Gi| =0.

Lemma 10. For all i € I, |Gj| # 9.

Proof. Let iel. Suppose, by contradiction, that |Gj| = 9. As | G, |:l Z| G
jel\{i,—i}
then |G, |=36. From Lemma 4 we have |Dj U Ej| + 2|Fj| + 3|Gj = 10
jel\{i,—i}
for all j € I\{i, -i}, consequently, |Gjj| < 3. As |I\{i, -i}| = 12, we conclude that
|Gjj|=3 for all j € I\{i, -i} .

We note that |G| < 1 for any J, k € I\{i, -i} and |j| = |k|, otherwise, there will
be two distinct codewords in Gijx covering a same word of type [+1%].

Let Wy e G; such that Wy € Giup,0, Where a, S, y, 0 € I\{i, -i} and |a], |5], |yl,
0] are pairwise distinct. Then, |G| = |G| = |G;| = |Gis| = 3 and the codewords
of G; satisfy the conditions presented on Table 1. That is, for any W € G{\{W1}
there is a unique element 8 e{a, S, y, 0} such that W € Gy,

Let J={a, p, y, 0} and J " ={-a, -B, -y, -6}. Consider K=1'\ ({i, -i} U JU J),
that is, K = {p, -p, q, -q}.

Let W, W e GiMW1}, where 8 € J, such that, W e Gigjij2js and
W’ e Gigjajsje- We must impose ji, jo, ..., Jo € (3~ U K) \ {-8} and distinct
between them.

Note that, there are no U € Giy, With X, y, z € K, since [x|, |y| and |z| have to
be distinct.

As [{j1, J2, ..., Jo} N J 7| £ 3, the codewords of G; satisfy the conditions on
Table 2, where X, Ys, zs € K are distinct for all s € {1, 2, 3, 4}. Considering the
codewords W,, Wi, Ws and Ws, are exhausted all possible combinations
between the elements of K. Thus, suppose, without loss of generality, that
X1 =P, Y1 = q and z; = -p. Consider, without loss of generality, that x, = -p and
y2 = @, see Table 3. Then, uj, Uy, us, Uy € J ~ and are distinct between them,
otherwise there are two distinct codewords in {W,, W3, W,} covering a same
word of type [+ 1%]. As |Gi|=3 for all k € K, there exists z € {z3, zs} such that
z = g. However, this is not possible since we must impose W7€G; ,qu2,us Of

ijlv

13
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WoeGi squz2u3, that is, W7 and Ws, or, Wy and W3 cover a same word of type
[+17%], contradicting the definition of perfect Lee code. [

From the results above we get a range of possible values for g, see next
corollary.

Corollary 11. Forg = |G|, 9<g < 22.
Proof. From Lemma 9 we have 3 < |G| £ 9 and by Lemma 10 we know that
|Gi| # 9, thus 3 < |Gj| < 8 forall i € I. As g = |G| is a nonnegative integer

number satisfying g = %Z| G, |, and |l |=14, we get 9<g<22. [}

iel

We believe that to prove the impossibility of |Gj| = x for x a positive integer
number satisfying 3 < x < 8 we will need to recur to another sets of T, in
particular subsets of F, since the information from codewords of G; will not be
enough to prove the requested. Thus, we expect that the proofs of these cases
will be more difficult when compared with the proof of the last lemma.

4. Conclusion

The Golomb-Welch conjecture states that there are no PL(n, r) codes for
n > 2 and r > 1. In this paper we deal with PL(n, 2) codes which are, in the
opinion of some authors, the most difficult cases of the conjecture. Since, it is
proved the nonexistence of PL(n, 2) codes for 3 < n < 6, we are interested on
proving, particularly, the nonexistence of PL(7, 2) codes. We introduce a
possible strategy, influenced by Horak method [6], to prove the nonexistence
of such codes. By contradiction, it is assumed the existence of a PL(n, 2) code
M < Z", such that, O € M. As all words W e Z" such that p. = (W, O) < 2 are
covered by the codeword O, our aim is to prove that it is not possible to cover
all words V e Z" satisfying o (V, O) = 3 without superposition between
codewords of M. Considering, in particular, PL(7, 2) codes, Horak have proved
[6] that the cardinality of the sets composed by codewords which cover all
these words V satisfy the following system of equations,

a+b+c+d=14
b+2c+2d+4e+3f=168
d + e+ 4f + 10g = 280.

We are interested in finding solutions for these conditions which satisfy the
definition of PL(7, 2) codes. In this paper we show that the variability of the
parameter g must be between 9 and 22. In future work we hope to give a lower
range of values for g and, consequently, to prove that any solution for this
system contradicts the definition of perfect Lee codes.

14
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Tables. Codewords of G;

Table 1. Table 2.

Wyl i|lal|8|y]|é Wili|lal| 8| v |©6
W, | i | «a Wol|l i | a| X1 | yi
W; | i a Wi | i a | zi
W, | i| B Wel i | B | X2 | V2
Ws| i | g Ws| i | B | 2
Wes | i 14 We | i Y| X3 | V3
W, | i y W, | i y | z3
Wel| i | o Wel| i | 8| Xa | Va
Wel| i | o6 Wo | i | 6| 24
Table 3.

W; |i| «a % 6

W, | i| « U

Ws | i| al| -p | u| us

Weli| Bl -P| g | U

Ws | i| B | 2z

We | i 4 X3 V3

W; | i v | z3

Wg | i| 6| X¢ | Va

Welil| &§| z4
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