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Abstract

In July 2012, the U.S. team finished third in the 53 International
Mathematical Olympiad (IMO), after the South Korean team and the Chinese
team. Greece won an individual gold medal for the 2" consecutive year. In
recent years, the U.S. IMO team has 50% of the first-generation or second-
generation Asian (such as China, South Korea, India, Vietnam, etc.) or
Europeans. These IMO team members are often bilingual and gifted students.
There has been a long history of mathematical competitions or challenges,
starting in the ancient times. For example, around 300 B.C. in ancient
Alexandria of Greece, Archimedes, in a letter to Eratosthenes, challenged him
to solve the “Cattle Problem”.

Studying example problems of Mathematical Olympiads from different
countries is not only to train problem solvers, but also to develop these young
minds to become successful problem solvers in their future career challenges.

This paper will focus on the mathematics education in relation to the
Mathematical Olympiads, and the discussion will include countries such as
U.S., China, Russia, South Korea and Greece. China has won first place 17
times in the IMO, and Chinese IMO team members have won more than 100
individual gold medals. Because the author, Youyu Phillips, is bilingual in
both English and Chinese, she translates and compares mathematics between
Chinese and English. Sample problems of Chinese Mathematical Olympiads
will be analyzed.
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Introduction

Many European countries mandate the teaching of two languages in high
school. Although Spanish is a second language course in U.S. schools, less
than half of U.S. middle and high schools offer other foreign language courses,
e.g. Chinese, Korean, Japanese, Greek, Arabic, Portuguese, etc. Since 1994,
there have been more than 300 Chinese language schools in the U.S. operating
on Saturdays and Sundays with over 60,000 student enrollments per semester.
Chinese language schools in the U.S. offer Chinese language classes as well as
preparatory classes for standardized tests such as SAT mathematics, SAT
Chinese and AP Chinese classes. Some American middle or high school
students take both Chinese language classes and SAT mathematics classes.
However, these students typically learn mathematics and sciences in English.
The author, Youyu Phillips, has been teaching Mathematics at Keystone
College since 2002, Mathematics throughout History at Keystone College since
2003, Mathematics Education and Methods at Keystone College since 2009.
Dr. Phillips, is bilingual in both English and Chinese, thus she translates and
compares mathematics between Chinese and English. Dr. Phillips has also
taught SAT Mathematics at Guanghua Chinese School (Sundays) in 2010-
2013, and Chinese Language and Culture at Guanghua Chinese School
(Sundays) in 2003-2013.

Bilingual students may consider reading explanations of sample problems of
Mathematical Olympiads in languages other than English: Chinese, Russian,
Korean, Greek, as examples. This will help bilingual students understand the
English meaning of original languages. An example of this is when an
English/Chinese bilingual student first hears “Qiu Zhi” meaning evaluating; the
student may confuse it with looking for a job because the two share the same
pronunciation. In the Cartesian coordinate system, a quadrant in Chinese is
“Xiang Xian”; a bilingual student may think it is associated to an elephant
which is exactly the same writing and pronunciation.

History of Mathematical Olympiads

There have been mathematics competitions or challenges since ancient times.
For example, in 200 B.C., Archimedes, the ancient Greek, wrote a letter
addressed to Eratosthenes to solve the "Cattle Problem™ as a challenge. The
cattle problem was to find smallest number of bulls and cows under certain
conditions. The problem remained unsolved for 2000 years and was finally
solved in 1965 at the University of Waterloo in Canada (Devlin, 2004).
Another example is the early sixteenth century Italian Tartaglia and Cardano’s
student, Ferrari, competing on August 10, 1518 to solve the cubic equation,
with Ferrari declared the winner. Cardano and Ferrari also worked out how to
solve the quartic equations. However, they were not the first to solve such
equations: the Chinese mathematician, Qin Jiushao, in his “Mathematical
Treaties in Nine Sections” solved cubic and quartic equations as early as in
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1245. Three years later, China's Li Ye solved cubic, quartic, quintic and even
polynomial equations of 6™ degree in his “Sea Mirror of Circle Measurements”
in 1248.

Mathematical Olympiad originated in Russia (then Soviet Union). From
1934 to 1935, the former Soviet Union started middle school mathematics
competitions which were held in Leningrad and Moscow. These competitions
were given the name Mathematical Olympiad in 1934 (Kenderov, 2009).

Later on, the first session of the International Mathematical Olympiad
(IMO) was held in Bucharest, Romania, in 1959. After that first session, the
IMO was held annually (except for 1980, as security issues in Mongolia
canceled the IMOs). In the process of the competition, thousands of high
school students first participate in National Mathematical Olympiad
competitions within their own countries (about 100 countries), with six elected
high school students representing each country in the International
Mathematical Olympiad competition that year.

Historically, mathematics competitions have been much more popular in
Russia than in the U.S. The main difference of mathematics competition
between Russia and the U.S. is the types of questions; the competitions in the
U.S. are usually multiple choices, while Russian questions are mostly self
produced (Formin and Kirchenko, 1994). In Russia (former Soviet Union),
High School Mathematical Olympiad questions often combine algebra,
geometry, and trigonometry. The following example was selected from the
14th former Soviet Union Mathematical Olympiad which was held in Belarus
in 1964:(http://www.problems.ru/view problem_details_new.php? id=109006)

A triangle has side lengths a, b, c and mzA = 60°. Show that
3 1 1
= +
a+b+c a+b a+c

Proof Using the law of cosines

2

a? =b%+c?—2bccos A and cos A = cos 60° =%.

Then a® =b? +¢? —2bc[%j =b?+c?—bc

a’ +bc =b*+c?
2a” +3bc +2ab + 2ac = (a+b+c)’

3a’ +3bc+3ab+3ac=(a+b+c) +a(a+b+c)
3a(a+b)+3c(a+b)=(a+b+c)a+b+c)

3  2a+b+c = a+c N a+b
a+b+c (a+b)(a+c) (a+b)(@a+c) (a+b)(a+c)
Thus s _ 1 1

a+b+c a+b a+c


http://www.problems.ru/view_problem_details_new.php?%20id=109006
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In fact, this is an algebra problem, despite being rooted in geometry. The
given angle 60° prompted the use of Trigonometry’s special angle property.
Students can deduce the result by using the law of Cosines. Learning this type
of Mathematical Olympiad questions can help students understand that
mathematics is a whole, and algebra, geometry, trigonometry, etc. are closely
interrelated.

Mathematical Testing in China, U.S.A. Russia, and South Korea

China has a different mathematical education system than that of the U.S.
Chinese primary school mathematics teachers are typically mathematics
specialists (Phillips, 2008), while primary school teachers in the U.S. tend to
teach all possible subjects. In Pennsylvania, primary school teachers are
required to pass a PRAXIS | mathematics proficiency test which has only
multiple-choice questions. Specializing specifically in mathematics, Chinese
primary school teachers tend to be stronger in mathematics than their American
counterparts. In Pennsylvania, secondary school teachers are required to pass
PRAXIS Il mathematics proficiency test which is a two hour long, 50 multiple-
choice questions test. The majority of U.S. high school teachers often provide
inadequate guide for the high school students to participate in the mathematical
competitions.

Usually 5 questions in China's annual university entrance mathematics
examinations are similar to the question types of the Mathematical Olympiad
competitions (Olson, 2004), e.g. Proofs. However, the secondary level
mathematics Scholastic Aptitude Test (SAT) in the U.S., has all multiple-
choice questions as well. Although the general level of the SAT mathematics
examination has 10 mathematics problems that require self-produced
answers/grid-in, there are no questions involving proofs. China's primary and
secondary Mathematical Olympiads combine the question types of the U.S. and
Russia: multiple-choice and verbal reasoning questions.

Research (Colangelo, et al, 2004) shows that gifted students tend to have
strong curiosity and thirst for knowledge. They have rich imagination and a
keen interest in learning. In the U.S. from 1958 to the present, the specialized
agencies in charge of culture and talented students have been established.
Schools in the U.S. often have a separate division of the gifted students who
would be given special attention and nurturing. Despite defects in some aspects
of basic education in the U.S. (Desmond, et al, 2004), the U.S. is very
successful in nurturing gifted students. Each year, about 250 high score
achievers in the American Mathematics Examination (AIME) are invited to
participate in the United States of America Mathematical Olympiad (USAMO).
Mathematics Examinations transform dramatically into the International
Mathematical Olympiad Examination style - only text proofs.

The International Mathematical Olympiad (IMO) for high school students
is an examination of 6 word problems, each of varying difficulty, held each
year, and the competition lasts for 9 hours over two days, 4.5 hours per day to
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solve 3 problems, so the average for each question is an hour and a half. Each
question is worth 7 points, 42 points for 6 word problems. Students answer
questions in their countries’ official languages, so language skills are important
in learning mathematics and in the Mathematical Olympiads. IMO Jury’s
official languages are English, German, French and Russian. Table at the end
of this paper is a list of mathematical terms in English, Chinese, Greek,
German, French, Russian and Korean.

The U.S. had not participated in the International Mathematical Olympiad
Contests until 1974. Since then, the U.S. team had been the first place winner
four times (1977, 1981, 1986, and 1994). The U.S. team members have also
won many individual gold medals; some American students have won the IMO
individual gold medal for two consecutive years or many years. The 53rd
International Mathematical Olympiad Competition was held in Mar del Plata,
Argentina, on July 16, 2012. South Korea surpassed frequently triumphant
China and won first place. The top winner was from the Seoul Science School
(Oh, 2012). The U.S. team was the third, and Greece won an individual gold
medal for the 2" consecutive year, a Silver and three Bronze medals as well as
an honorable mention.

Mathematics Competitions in China

The ancient Chinese imperial examination system lasted about one
thousand three hundred years from Emperor Wudi of the Han Dynasty (165
B.C.) to Emperor Guangxu of the Qing Dynasty (1901). Mathematics
competitions continue China’s examination tradition every year (Bin and Lee,
2007-2008). China has won first place 17 times in the IMO, and Chinese IMO
team members have won more than 100 individual gold medals. The following
question was selected from China’s Mathematical Olympiad National Contests
for high school juniors (equivalent to U.S. Grade 9):

Suppose a quadratic equation ax® + (a+2)x+9a =0 has two unequal real

roots, X, X,,and x, <1< x,, thethe values of a must be ( )

2 2 2 2 2
A) ——<a<—- B) a>— C)a<—— D)-—<a<0
A) -5 c (B) a>_ ©) . O3
Solution

Use(a+2)* —4a(9a) >0, (a+2)* —36a* > 0,(a+2+6a)a+2-6a)>0;simp
lify to

(7a+2)2-5a)>0; then —% <a< % However, if one considers

X, + X, :—aLZ:—l—E, X, X, _da =9,and x, <1< X,,thena<0,s0(D)
a a a
but this is not so persuasive. Below is a better way (Zhang, 2008) to reach the

correct answer.
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a = 0, theoriginal equation can be changed to x* + (1+ gjx +9 =0, then the parabola opens

upward.

Because x, <1< X,, thenwhenx =1, y <0, i.e.1? +(1+ gj(1)+ 9<0,
a

so—3<a<0, so (D).
11

Being able to read the Chinese explanation (or in a different language),
students can connect languages and applications and thus appreciate the
importance of language learning which benefits mathematics skill learning as
well.

The following question was selected from the Wuhan CASIO Cup
competition (Zhang, 2008) with the author’s, i.e. Youyu Phillips’ translation
and explanation: Given that the graph of the linear function y = ax + b passes
Quadrants I, Il and 11, and intersects the x-axis at (-2, 0), then the solution set
of the inequalityax >bis( ).

(A)x>-2 (B) x<-2 (C)x>2 (D) x <2
Solution - a >0, 0 =a(-2) + b, b = 2a, .. the solution set ax > b is x > 2.
Therefore the correct answer choice is (C). American students usually get to x
> 0, and will choose (C) as well, but if students could truly understand the
substitution x = -2 and y = 0 and continue further analysis, then their problem-
solving skills would greatly improve.

The following Chinese Mathematical Olympiad example was selected
from the 7th "Hope Cup” National Invitational Mathematics Competition exam
(Zhang, 2008) with the author’s, i.e. Youyu Phillips’ translation and
explanation: If a>b, and ¢ <0, then there exits the inequality below.

® a+c>b+c ® ac>bc @—E>—9 @ ac’® <bc®
c C
The number of correct inequalitiesis ().
(A) 1 (B) 2 € 3 (D) 4
Solution From the properties of inequalities, @ and ® are correct. So choose
(B).

The above examples do not have any figures, just letters, so that the
students really understand the inequality terms multiplied or divided by a
negative number, the inequality will change its direction (Phillips, 2012). The
following example shows geometry (circular and triangular shapes), and the
trigonometry are interrelated.

In the Figure at the end of this paper, in AABC, /BAC is an obtuse

angle (Zhang, 2008), O is the orthocenter, AO=BC, then the value of

cosZBOFis( ).
V2 J3

w2 ml ol ol

10
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Solution " AABC is an obtuse triangle, .". orthocenter O is external of AABC.

"B, D, F, O are concyclic, ..£ CBF = ~ AOF.
In AAOF and ACBF, ~AOF = ~/CBF, /OFA = / BFC =90°, OA = BC,

AAOF = ACBF. OF = BF , /BOF =45°, -cos /BOF = %

Thus (A) is the correct answer.

Difficult mathematical problems tend to just be an amalgamation of
mathematical concepts, unusual phrasing of the question, or hidden
information that requires analysis. The ability to read the questions from the
original language and understand the meaning of the keywords in the text is of
great help for problem-solving (Phillips’ Book Review, 2012). Students
capable of abstract thinking and logical reasoning are very important for
mathematical success, as well as lifelong success.

The following example was provided by Donghua University Graduate
student, Ren Jia, indirectly.

(1) Prove the squares of odd natural numbers divided by 8 has a remainder 1.
(2) Prove 2006 cannot be expressed as the sum of the square of ten odd natural
numbers.

Proof:

(1) Method 1.

Odd natural numbers are 2n +1, n is any natural number, then

(2n+1)? = 4n? + 4n + 1 = 4n(n+1)+1 = 2n(2n+1)+1.

2n and 2n +2 are two consecutive even natural numbers.

When n =1, 2 and 4 are the two consecutive even natural numbers, 2 (4) +1
= 8 +1 divided by 8, the remainder is 1.

When n =2, 4 and 6 are two consecutive even natural numbers, 4 (6) +1 =3
(8) +1 divided by 8, the remainder is 1.

Suppose when n = k, (2k+1)? = 2k(2k+2) + 1 divided by 8, the remainder is
1, then when n =k +1,

(2(k+1)+1)? = 2(k+1))(2(k+1)+2)+1 = (2k+2)(2k+4)+1 =
2k(2k+2)+4(2k+2)+1

=2k (2k + 2) + 8(k +1) +1, and 2k(2k+2) + 1 divided by 8, the remainder is
1,and so, when the squares of odd natural numbers are divided by 8, the
remainder is 1.

The above method is Proof by Induction. China's junior high school students
often use the following simple way to prove it instead.

Method 2.

The odd natural number is (2k +1)

The squares of the odd natural numbers are (2k +1)? = 4k + 4k + 1 =
4k(k +1) + 1

If k is odd natural number, then k +1 is an even natural number, so 4k(k
+1) +1 is divisible by 8, and the remainder is 1.

If k is an even natural number, then k +1 is an odd natural number, so
4k(k +1) +1 is also divisible by 8, and the remainder is 1.

11
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. The square of an odd natural number is divisible by 8, and the

remainder is 1.
(2) Ten odd numbers are 2(k+1) +1, 2(k+2) +1, 2(k+3) +1, 2(k+4) +1, 2(k+5)
+1,
2(k+6) +1, 2(k+7) +1, 2(k+8) +1, 2(k+9) +1, 2(k+10) +1.

The sum of the squares of the ten odd natural numbers is (2(k+1) +1)* +
(2(k+2) +1)° + (2(k+3) +1)* + (2(k+4) +1)* + (2(k+5) +1)* + (2(k+6) +1)° +
(2(k+7) +1)% + (2(k+8) +1)* + (2(k+9) +1)* + (2(k+10) +1)* = 2k(2k + 2) + 8(k
+1) +1 + 2(k+1)(2(k+1) + 2) + 8((k+1) +1) +1 + 2(k+2)(2(k+2) + 2) + 8(k+2)
+1 + 2(k+3)(2(k+3) + 2) + 8((k+3)+1)+1 + 2(k+4)(2(k+4) + 2) + 8(k +4) +1 +
2(k+5)(2(k+5)+ 2) + 8((k+5) +1) +1 + 2(k+6)(2(k+6) + 2) + 8(k+6)
+1+2(k+7)(2(k+7)+2) + 8((k+7) +1) +1 +2(k+8)(2(k+8)+2) + 8((k+8) +1) +1 +
2(k+9)(2(k+9)+2) + 8((k+9) +1) +1 (from Part 1, (2(k+1)+1)* = 2k (2k + 2) +
8(k +1) +1, divided by 8, the remainder is 1). Then the sum of the squares of
the ten odd natural numbers divided by 8, the remainder is 10 (10x1=10), and
10 divided by 8, the remainder is 2. Thus the sum of the squares of the ten odd
natural numbers divided by 8, the remainder is 2. However, 2006 divided by 8,
the remainder is 6.

.. 2006 cannot be expressed as the sum of the square of ten odd natural

numbers.
Another example involving Proof is as follows.

(Tianjin Competition Question) There is (are) natural number(s), n,
which make(s) 2n(n+1)(n+2)(n+3)+12 able to be expressed as the sum of two
squares of positive integers.

(A) none existed

B) 1

© 2

(D) infinitely many
Solution:
2(n?+3n)( n*+3n+2) + 12 = 2(n*+3n+1 — 1)( n*+3n+1+1) + 12 = 2(t-1)( t+1) +
12
=2(t—1)+12=2t%+10=2(t*+5) = 2((2k+1)*+5)=2(4k*+4k +6) = 4(2k*+2k +3)
where t = n?+3n+1 and is an odd integer 2k +1, if it is the sum of two squares
x*+y? = 4(2k*+2k +3), then both x and y are even integers, u and v are odd

integers.
2

X =2u, Y =2v. X*+Yy® :4(u2 +v2), u? 4v2 =X

2
Zy =2k?+2k +3 which is an

odd integer, but it cannot be odd, as u?+v®= odd + odd = even. There is a
contradiction. Thus (A) none existed.

12
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Mathematics is the Language of Science

Mathematical proofs reflect the practice of the students' overall
understanding of mathematics and creativity. When students struggle to find
the solution of mathematical problems, it is often because these students'
mathematical foundation is not solid and these students often do not even
understand what the problem asked exactly. The difficult issue is that studying
some skills for mathematics tests is not equal to fully comprehending basic
skills such as arithmetic and algebra. The knowledge of the basic skills in
mathematics should be completely mastered.

Mathematics is a universal language. Mathematics is known to be the
language of sciences. Language is not just ability, it is an art. Answering
Mathematical Olympiad problems does not only require the mechanical
memorization of formulas, and questions do not simply require substitution the
values into the formula. Answering Mathematical Olympiad problems requires
speculation and skillful mathematical manipulation. The student not only needs
to possess patience, calmness, and persistence, but also needs to possess the
inquisition to want to explore new domains. In our competitive society, the
ability to rebound from failure and frustration to continue to progress is the
start on the road to success.

Success in the Mathematical Olympiad is definitely not the only measure
of success. The competition serves not mostly as an indicator of success, but
actually as training for the students' visionary and abstract thinking. A person's
creativity may be generated from any of the following: words, images,
equations, situations, senses, dreams, inspirations, imaginations, feelings, and
so on. Genius is a combination of talent, hard work, and opportunity. The
success of many scientists, mathematicians, composers, painters, athletes,
entrepreneurs, musicians and actors, in addition to the fact that they were found
and received recognition, is because of hard work. They know how to devote
themselves to study or long-term training, but also know how to relax their
minds to rest physically and mentally, learning and absorbing new knowledge
or new ideas or new methods. Accumulation of experience is an important part
of the road to success. With open-minded attitude for new problems, new
knowledge, and new methods, learning broadly will achieve more than before.

The research results show that innovative awareness and ability are first for
all students. It is important to protect the students' curiosity and imagination.
The 19th century German mathematician Gauss said, "Mathematics is the
queen of all sciences”. Young people may -cultivate self-confidence in
mathematics through learning and preparing for mathematics Olympiad.
Applying and connecting mathematics to other subjects can broaden students’
problem-solving aptitude which will stimulate their interest in mathematics,
physics, and chemistry. One example of connections helping students in such
manner is the logarithmic application for physics and chemistry.

Young students should receive their education in all possible subjects,
(languages, mathematics, culture, history, geography, sports, dance, sciences,
music, art...) so students will be developed in all aspects, and well developed

13
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in his or her most favorable subject. No matter what kind of job a young
student grows up to hold, hope that he or she will be both beneficial and useful
for a family and a society.
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Ordinate Y AR TETOYHEVY Ordinate coordonner OpJMHATA THE

aKépanog . 2 2=

Integer B aptOu6e ganze Zahl entier 1esnoe d94=

TEPITTOG ungerade L o] gt

Odd Integer T axcpaiog Ganzzahl entier impair HEYETHOE YHCIIO BN

Even Axdpa kot A : = e
Integer 1B Axépator selbst Integer méme Entier Jaxe Integer = A9
x- abscisse a

x-intercept | xEyEEE X-TOHNG Achsenabschni lorigine X-mepexBar X-4#

tt

y-intercept |y y-topnig Achsenabschni 0?%‘;?;22 a y-TIEpEXBAT Y-2H

tt

Pythagorean [RE [Mvbaydpero Satz des Théoréme de TEOPEMbI dEpare
Theorem =] Oedpnpo Pythagoras Pythagore IMudaropa o] Ay

Hypotenuse fia vroteivovoa hipoten(s hypoténuse THIIOTEHY3a )

EA
Right Angle opby yovia rechter angle droit HpSMO# yroJ = zr
Winkel

Acute Angle A ofgia yovio, | spitzer Winkel angle aigu OCTpBIit yron o ¢

Obtuse . . stumpfen =5

Angle A apfreio yovia Winkel Angle obtus TYION YT0JI =7t
Circle ] Kbrhog Kreis cercle Kpyr 4
Diameter [ERZS AtdpueTpog Durchmesser diamétre JIHAMETP A7
Radius P Axtivo Halbmesser rayon panuyc HkX) &
Chord % Xopdn Akkord corde aKKOpJL &

Positive OgTikn . nombre TonoxurensHOe 2

Number EX aptduog Positiv Zahl positif 4HCII0 °T
Negative Apvntich . nombre Otpunarensuse o

1 . -

Number 7 apOpodg Negative Zahl négatif qHclia u
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. —a&E . . Fonction
Trigonometr | — Tprywvopetpuc | Trigonometrisc . e TPUTOHOMETpHUYEC AL7) Ehos
- - . f - trigonométriq A ST
ic Function E4 é¢ Aertovpyia he Funktion ue Kue GpyHKIHUI
Sine E Hpitovo Sinus sinus CHHYC ALl
Cosine 334 Svvnuitovo Kosinus cosinus KOCHHYC FAOL
Tangent 1EY] Epantopévn Tangente tangente KacaTesbHBIH A
Cotangent £ zwg(p?]mo“gv Kotangens cotangente KOTaHI€HC A E
Secant | Awtépvov Sekante sécante CeKyIIHit 1 AE
Cosecant E SVVTEUVODGa Kosekans cosécante KOCEKaHC IANAE

Figure. AABC with orthocenter O
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