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Jose Navarro Antono 

 

 

Abstract 

 

The most common means of analysis of systems is the Fourier Transform 

that can be applied to linear or nonlinear continuous systems. If a linear 

system is time variant, the Short Time Fourier Transform may be applied. 

This linear transform can be applied to any linear system even the theoretic 

systems represented by the Associated Linear Equations, that are parametric 

models of the Volterra operators. Based on this, the work presented in here 

develops the Short Time Fourier Transform for Higher order signals, i.e., 

the Fourier Transform is applied to continuous nonlinear systems that are 

time varying. The Short Time Higher order Frequency Response Function is 

also defined. 

 

Keywords: Associated Linear Equations, Frequency Response Function, 

Nonlinear systems, time invariant systems, Short Time Fourier Transform, 

Volterra series. 
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Introduction 

 

One of the most widespread methods for signal analysis is the Fourier 

Transform (FT). It has been used for both linear and nonlinear systems 

analysis, e.g. in agriculture [1], material structure detection [2] and vision 

analysis [3]. The theory for nonlinear applications has been quite 

widespread, see for example [4]. The principal limitation is that FT does not 

detect changes in time. For linear systems this latter deficiency has been 

overcome by the Short Time Fourier Transform (STFT). A lot of examples 

can be found in the literature, e.g. see [5]. 

The FT for nonlinear systems has been developed based on the Volterra 

series [6]. When the system is time-varying an appropriate version of the FT 

is the STFT by introducing wavelets (window) in the FT integral [6].  There 

is a variety of wavelets, from them in ths work the flexible Mexican hat 

(the Ricker wavelet) is used, e.g. [7].  

The use of the STFT is restricted to linear systems. This is because of 

the complexity of the harmonic nonlinear generation, even in the simple 

case of Volterra systems. The identification and analysis of this system is 

simply impossible, meanwhile a clear relationship between the different 

harmonic components is not acquired. The appropriate tool for this analysis 

is the Associated Linear Equations (ALEs) [8]. These ALEs are linear 

models so that each one produces a particular order of the Volterra 

operators. This is a kind of orthogonalization that allows us to analyse in 

detail the harmonic generation because of the effect of the window functions 

in nonlinear continuous systems.  

The objective of this work is to find an expression for being able to 

carry out an analysis in the frequency domain of a nonlinear system which is 

also time varying. This expression is obtained by the unit impulse response 

of each ALE. Then the effect of the windowing on the order output can be 

easily visualized. An expression for a Short Time Higher order Fourier 

Transformation (STHFT) and a Short Time Higher order Frequency 

Response Functions (STHFRF) can now be found. 

The article is structured as follows; this section states the necessary 

definitions for the further developments, the next section analyses how the 

windows have to be included in the superior order kernels, the “Voltera 

Kernels Affected by Temporal Windows” section develops the appropriate 

expression for the STHFRF and the STHFT. A simulated Duffing oscillator 

of second order is presented in the “The Short Time Higher Order 

Frequency Response Function and the Short Time Higher Order Fourier 

Transform” section for which the STHFRF and the STHFT is obtained. The 

last section is for work conclusions. 

 

 

Background   

 

This section presents the fundamental definitions for the further 

development of the work. For a continuous nonlinear system, its output may 

be obtained by the Volterra series, as follows, 
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                (1) 

 

Each term of the Volterra series is the n-th order operator response. The 

Associated Linear Equations (ALEs) [8] are a linear model of each order 

operator. As a linear system, the output of any operator can be obtained by 

the use of the unit impulse response h1(n)() through the following 

convolution [9], 

 

 (2)  

 

the subscript 1 means that h1(n)(t) is a linear operator, xn(t) is the 

corresponding n-th order input signal.  It is also possible to obtain yn(t) as, 

 

 (3) 
 

The variable  is known as the n-th order kernel, it is a 

multi linear impulse response. The Frequency Response Function of each 

ALE can be obtained from the following equation, 

  (4) 

 

where the summation indicates the sum of the n-th input frequencies into the 

system. The definition of the n-dimensional Fourier Transform is [6], 

 

 (5) 

  

This equation allows one to obtain the Higher Frequency Response 

Function (HFRF) of order n as function of , 

 

 (5) 

 

The relationship between h1(n)()   and ,is obtained in [9] 

for a Duffing Oscillator, 

 

                        
(6) 
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this implies a simple convolution. The Short time Fourier Transform (STFT) 

is obtained from, 

 

                                             (7) 

 

where is a function of two parameters; a and b is a wavelet,  

 

                                                         (8) 

The wavelet that is going to be used in the present development is 

known as the Mexican hat (Ricker wavelet), 

 

                                     (9) 

 

 

Voltera Kernels Affected by Temporal Windows  

 

Our objective is now to know how the Volterra kernels are affected by 

the unit impulse responses of the ALEs when windows are introduced. As 

the kernel itself is expected to vary in the time, it is necessary to know how 

to detect the changes and how pass states affect the present response of the 

system.  

Here the second (harmonic) order Volterra operator response of a 

second order second power Duffing Oscillator is to be analysed, the 

following model is considered, 

 

            (10) 

 

The second or der Associated Linear Equation (ALE) is (see [14]), 

 

            (11) 

 

From the same reference, the second order kernel is obtained out of the 

unit impulses response, 

 

                             (12) 

 

If one assumes that the Duffing oscillator varies in the time, the 

equation (10) may be expressed as, 

 

            (13) 

 

Let´s assume that there is a small t in which the coefficients of the 

systems exhibit negligible variation. Therefore there is a window thin 

enough to catch the response with a negligible variation. If one defines a 

unit impulse response n1 as, 

 

                                                         (14) 
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This unit impulse response can be handled in the same as if it were 

invariant. Referring to equation (12), the second order kernel has as an 

argument two different unit impulse responses and the integration is along 

all the time. As the unit impulse responses change in the time it is necessary 

to know to which state of the impulse response the second order kernel is 

responding. As the integration is along all the time, both impulses may be 

referred to two different states. This problem is solved by the use of a 

window for each impulse response that can be equal or different to each 

other. The convolution is now,  

 
 

As the system is time variant, the second order impulse response is also 

changing; therefore equation (12) has to include an additional window, 

 

(15) 

 

Equation (3) produces an output signal that not only is a function of two 

times, but also of three different windows, 

 
(16) 

 

For the nth order response, the number of windows increases according 

to the components of the input signal. For the general second order response 

one has, 

 

 (17) 
 

The output of the second order operator must be when t1=t2 and then, 

 

                                 (17) 

 

Analogous to equation (6), the nth-order Volterra kernel for nonlinear 

systems variable in time is, 
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    (18) 

And the output of the n-th order operator is then, 

                                 

(17) 

 

 

The Short Time Higher Order Frequency Response Function and the 

Short Time Higher Order Fourier Transform  

 

After the previous section we have now all that is needed for the 

development of the expressions that are the objective of this work;   the 

Short Time Higher order Frequency Response Function STHFR and the 

Short time Higher order Fourier Transform STHFT. 

Retaking the Duffing oscillator and its second order operator. From the 

definition given in equation (14), a second order kernel is obtained in 

equation (16). From equation (5), the bilinear Fourier transform (FT) is,  

 

 (18) 

 

Let´s separate the transformation in two independent integrals, i.e. two 

linear FT. If the function is now the second order kernel one has, 

 

 

 

For the bi dimensional unit impulse response. Developing the internal 

integral,   

 

(19) 

Y el segundo impulso unitario    es una constante que salio 

fuera de la integral. Volviendo a integrar  (4.22) 

 

(20) 
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produces the well-known result that is the base of the harmonic probing. 

The FT of the n-impulse response is the response in time of a n-phasors 

input, both time parameters must be equal in order to obtain a non-zero 

result, 

 

 =  (21) 

That is the response of the system affected by three different windows. 

Here,   is the Short Time Higher order 

Frequency Response Function (STFRF) of second order. Because of the 

equation (16), the STHFRF may be obtained by transforming, 

   

   (22) 

 

Making the following parameters Exchange,  

 
y 

 
 

one has, 

 

 

That allows separating the integral as follows, 

 

(23) 

 

Developing the integrales,  

 

) 

 (24) 

 

FT of equation (14) gives,   

  (25) 

 

As b is a constant, this equation represents mainly a FT of a 

convolution, then, 

Donde 

                                                                   (26) 

 

 is the FT of the wavelet function. On substitution in (24) one has, 
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that can be rearranged, 

 

(27) 

 

or as a function of the second order kernel, 

 

(28) 

This is the relationship between the second order FRF and the second 

order STHFRF, in any order one has,  

 

(29) 

It is well known that  is the FT of the kernel of the same 

order (equation (5)). The STHFRF can be obtained as, 

 

(30) 

 

Equation (30) is contains n+1 integrals, i.e. n+1 FTs. That can be 

manipulated to gather all as a unique argument for all the integrals as 

follows, 

 

(31) 

 

As the argument can be any function, the Short Time Higher order 

Fourier Transform STHFRF can be defined as, 
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Conclusions  

 

A proper definition of the Short Time Higher order Fourier Transform 

STHFT is given for a time varying a nonlinear signal. It includes the mix of 

frequency components and harmonics generated in the higher order 

response. It is possible to visualize the influence of lower order components 

produced in early times on the nonlinear harmonic generation. 

The Short Time higher order Frequency Response Function contains at 

least n+ 1 window. It implies that the STHFRF is only valid for the present 

state of the nth order response and the combination of lower order states of 

the system. 
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